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of the Instantaneous Reactive Power p-q Theory
Leszek S. Czarnecki, Fellow IEEE
Abstract. The main features of the Instantaneous Reactive Power (IRP) p-q Theory, considered as a power theory of
three-phase systems, are analyzed in this paper using the Theory of the Currents’ Physical Components (CPC). This
analysis shows that the p and q powers are not associated with separate power phenomena, but with multiple phenomena.
Moreover, the results of the IRP p-q Theory contradict some common interpretations of power phenomena in three-phase
circuits. Namely, according to the IRP p-q Theory the instantaneous reactive current can occur even if a load has zero
reactive power, Q. Similarly, the instantaneous active current can occur even if a load has zero active power, P. Moreover,
these two currents in circuits with a sinusoidal supply voltage can be nonsinusoidal even if there is no source of current
distortion in the load. The analysis shows that a pair of values of instantaneous active and reactive p and q powers does not
enable us to draw any conclusion with respect to the power properties of three-phase unbalanced loads even in a sinusoidal
situation. Thus, the Instantaneous Reactive Power p-q Theory does not identify power properties of such loads
instantaneously. This conclusion may have an importance for control algorithms of active power filters. The paper reveals
the relationship between the p and q powers and the active, reactive and unbalanced powers, P, Q and D and specifies the
required energy storage capability of active power filters operated under sinusoidal unbalanced conditions.
Index Terms – Instantaneous reactive power, instantaneous active power, reactive current, active current, unbalanced
systems, apparent power, currents’ physical components (CPC) power theory, unbalanced power, active power filters,
switching compensators.

1. Introduction
The Instantaneous Reactive Power (IRP) p-q Theory, developed by Akagi, Kanazawa and Nabae, [1,2], provides
mathematical fundamentals for the control of switching compensators, known commonly as “active power filters”.
Although there is still substantial confusion [3] with respect to power phenomena in electrical systems and there
are reports [4, 5] on some shortcomings of the IRP p-q Theory, it seems to be well established [6-9] in the electrical
engineering community involved in switching compensator design. Moreover, there are attempts [10-12] to provide
deeper fundamentals for this Theory and it is becoming a theoretical tool for power properties of three-phase system
analysis [13-15] and instrumentation [16].
When the IRP p-q Theory is considered as a theoretical fundamental for a control algorithm design, it is irrelevant
whether it interprets power properties of electrical circuits correctly or not. It is enough that it enables the achievement
of the control objectives. However, when it is considered as a power theory one could expect that it does provide a
credible interpretation of power phenomena in electrical systems.
Having this expectation in mind, the following dilemma occurs. Power properties of three-phase, three-wire
systems with only sinusoidal voltages and currents, i.e., even without any harmonic distortion, are determined by three
independent features of the system. (i) permanent energy transmission and associated active power, P, (ii) presence of
reactive elements in the load and associated reactive power, Q, and (iii) load imbalance that causes supply current
asymmetry and associated unbalanced power, D. Thus, how can the IRP p-q Theory, based on only two power
quantities, p and q, identify and describe three independent power properties? Moreover, according to Akagi and
Nabae, [2] who developed the Instantaneous Reactive Power p-q Theory, its development was a response to “...the
demand to instantaneously compensate the reactive power...” The adverb instantaneous in the name of this Theory
and definitions of p and q powers in terms of instantaneous value of voltages and currents, suggest the possibility of
instantaneous identification and compensation of the reactive power of a three-phase load. This is one of the main
reasons for this theory’s attractiveness, both as a theoretical fundamental of control algorithms and as a power theory.
Thus, the question occurs, is such an instantaneous identification of power properties of three-phase systems possible?
The answer to this question is of a fundamental value for the power theory. It could be important also for control
algorithms of active power filters.
To answer such a question, this paper investigates how the IRP p-q Theory interprets and describes power
phenomena in three-phase, three-wire systems. The Theory of the Currents’ Physical Components (CPC) developed in
Ref. [17] by the author of this paper is used as a tool for the study.
The IRP p-q Theory was developed for three-phase systems with nonsinusoidal voltages and currents. To provide
credible results for such systems, it should provide them for any sub-set of such systems. Three-phase, three-wire
systems with sinusoidal voltages and currents form just such a sub-set with relatively simple and easy to comprehend
power phenomena. Therefore, properties of the IRP p-q Theory are verified using such simple circuits.
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2. Instantaneous Active and Reactive Currents
The notions of the active and reactive currents have meanings that were established in electrical engineering long
ago. The active current, defined by Fryze [18] in 1932, is the smallest load current that is necessary [10] if the load at
the supply voltage u(t) has the active power, P, and has the same waveform as the supply voltage. This current was
defined as
P
(1)
ia (t) =
u (t) = Ge u (t) ,
U2
where U is the supply voltage RMS value.

Fig. 1.
For three-phase, three-wire systems, shown in Fig. 1, Fryze’s definition of the active current is generalized [17] to the
form
⎡iRa ⎤
⎡uR ⎤
P ⎢ ⎥
⎢
⎥
(2)
= Ge u (t) ,
u
ia (t) = ⎢ iSa ⎥ =
2 ⎢ S⎥
⎢⎣ iTa ⎥⎦ ||u|| ⎢⎣ uT ⎥⎦
where ||u|| denotes the three-phase RMS value of the supply voltage, namely

||u|| = U R2 +U S2 + U T2 .
(3)
The reactive current is the component of the supply current delayed by π/2 with respect to the supply voltage and
is defined in single-phase systems with sinusoidal voltage and current as
−Q d
d
ir(t) = 2
u (t) = Be
u (t) .
d
(
t
)
d
(
ω
ωt)
U
For three-phase, three-wire systems this definition is generalized [17, 21] to
−Q d
d
ir(t) =
u(t) = Be
u(t) .
2 d (ωt)
d
(
ωt)
||u||

(4)

(5)

Both the active and reactive currents have an explicit physical meaning. They are associated with the presence of
the active and reactive powers, P and Q, and are related to the load equivalent conductance, Ge, and susceptance, Be.
The concept of the active current is also important for the design of compensators. Because it is the smallest supply
current of the load that has the active power, P, this is the only current that should remain in the supply lines of the
load after compensation of all useless current components.
Now, let us compare the features of the active and reactive currents, as defined by (2) and (5), with the
instantaneous active and reactive currents in the IRP p-q Theory. Observe however, that the adjective instantaneous in
the name of these currents does not distinguish them from the common active and reactive currents, since definitions
(2) and (5) specify instantaneous values of these currents.
The IRP p-q Theory has evolved from the Fortescue, Park and Clarke Transforms of voltages and currents
specified in natural, phase R, S and T coordinates, as shown in Figure 1, into a pair of voltages and currents in
orthogonal α and β coordinates. The Clarke Transform of three-phase voltages has the form
⎡ uR ⎤
⎡ uα ⎤
2 ⎡1 −1 / 2 −1 / 2 ⎤ ⎢ u ⎥ .
=
(6)
⎢
⎥ S
⎢u ⎥
3 ⎣⎢0
3 / 2 − 3 / 2 ⎦⎥ ⎢ ⎥
⎣⎢ β ⎦⎥
⎢⎣ uT ⎥⎦
B

For three-phase, three-wire systems as shown in Figure 1, with line voltages referenced to an artificial zero, so that uR
+ uS + uT ≡ 0, the Clarke Transform of the line voltages can be simplified to the form
⎡ 3 / 2 , 0 ⎤ ⎡uR ⎤
⎡uα ⎤
⎡ uR ⎤
(7)
⎥⎢ ⎥ = C⎢ ⎥ ,
⎢u ⎥ = ⎢
u
2 ⎥⎦ ⎣ S ⎦
⎢⎣1 / 2 ,
⎣ uS ⎦
⎣ β⎦
and similarly for the line currents, since iR + iS + iT ≡ 0,
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⎡ 3/ 2,
⎡ iα ⎤
⎢i ⎥ = ⎢
⎢⎣1 / 2 ,
⎣β⎦

0 ⎤ ⎡iR ⎤
⎡iR ⎤
⎥⎢ ⎥ = C⎢ ⎥ .
2 ⎥⎦ ⎣ iS ⎦
⎣ iS ⎦

(8)

The line currents can be calculated from the currents in the α and β coordinates with the inverse Clarke Transform
⎡ 2/ 3 ,
0 ⎤ ⎡iα ⎤
⎡iR ⎤
−1 ⎡ iα ⎤
(9)
⎥⎢ ⎥ = C ⎢ ⎥ .
⎢i ⎥ = ⎢
i
⎢⎣ −1/ 6 , 1 / 2 ⎥⎦ ⎣ β ⎦
⎣ S⎦
⎣iβ ⎦
With the voltages and currents transformed to the α and β coordinates, the instantaneous power of the load can be
expressed as
(10)
p = uα iα + u β iβ ,
referred to as the instantaneous real or instantaneous active power in the IRP p-q Theory. The instantaneous
imaginary power, q, is defined in Ref. [2] as
(11)
q = uα iβ − u β iα ,
and is usually referred to [6-16] as the instantaneous reactive power.
With these two instantaneous powers, the instantaneous active and reactive currents are defined in Ref. [2]. The
instantaneous active current, ip, is defined in the α and β coordinates as
uβ
uα
(12)
iα p =
p,
p,
iβ p =
uα2 + u β2
uα2 + u β2
while the instantaneous reactive current, iq, is defined as
− uβ
iα q =
q,
2
uα + u β2

iβ q =

uα

(13)
q.
uα + u β2
The instantaneous active and reactive currents in the supply lines can be calculated from these currents in the α and β
coordinates with the inverse Clarke Transform, (9), namely
⎡iRp ⎤
⎡i ⎤
⎡iRq ⎤
⎡i ⎤
−1 α p
−1 α q
(14)
⎢ ⎥ = C ⎢ ⎥,
⎢ ⎥ = C ⎢ ⎥.
⎣⎢ iSp ⎦⎥
⎣⎢iβ p ⎦⎥
⎣⎢ iSq ⎦⎥
⎣⎢iβ q ⎦⎥
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Unfortunately, the reactive current has little in common with the reactive power, Q, of the load. This is shown in
Illustration 1, where the IRP p-q Theory is applied to a circuit with zero reactive power, Q.
Illustration 1. Let us assume that a resistive load, connected as shown in Fig. 2, is supplied from a symmetrical source
of a sinusoidal, positive sequence voltage, with uR = 2 U cos ω1t, U = 120 V.

Fig. 2.
Given such assumptions, the supply voltage in the α and β coordinates has the value
⎡
⎤
⎡ 3 U cosω1t ⎤
2 U cosω1t
⎡uα ⎤
⎥ = ⎢
⎥ .
⎢u ⎥ = C ⎢
⎢⎣ 2 U cos(ω1t − 120o ) ⎥⎦
⎣ β⎦
⎣⎢ 3 U sinω1t ⎦⎥
Since the line currents are equal to
iR = 2 I cos (ω1t + 300) = - iS,
The supply current in the α and β coordinates has the value

I = 103.9 A,

iT= 0.

⎡ 3 I cos(ω t + 30o ) ⎤
⎡ iα ⎤
⎡ iR ⎤
1
⎢
⎥ ,
=
⎢i ⎥ = C ⎢
⎥
o
−
i
⎢
β
R
⎣
⎦
⎣ ⎦
⎣ − I cos(ω1t + 30 ) ⎥⎦
and consequently, the instantaneous active power of such a load is equal to
p = uα iα + u β iβ =

3

(15)

3 U I [1 + cos 2(ω1t + 300)] ,

(16)

(17)

and the instantaneous reactive power is equal to
q = uα iβ − u β iα = − 3 U I sin 2(ω1t + 300 ) .

Thus, the instantaneous active current of the load in the α and β coordinates, can be calculated. It is equal to
u
iα p = 2 α 2 p = I [1 + cos 2(ω1t + 300)] cosω1t ,
uα + u β
iβ p =

uβ

p = I [1 + cos 2(ω1t + 300)] sinω1t ,
uα + u β2
2

(18)

(19)
(20)

which in the phase coordinates is equal to
⎡iRp ⎤
0
−1 ⎡ cos ω1t ⎤
⎢ ⎥ = I [1 + cos 2(ω1t + 30 )] C ⎢
⎥=
⎣ sinω1t ⎦
⎣⎢ iSp ⎦⎥

.
(21)
cos ω1t
⎤
0 ⎡
2
I [1 + cos 2(ω1t + 30 )] ⎢
=
0 ⎥
3
⎣⎢ cos(ω1t − 120 ) ⎦⎥
The instantaneous reactive power, q, of the load considered in this Illustration is not equal to zero, hence, according to
the IRP p-q Theory, a reactive current has to occur in the supply lines. Its value in the α and β coordinates is equal to
− uβ
(22)
iα q =
q = I sin 2(ω1t + 300 ) sinω1t ,
2
2
uα + u β
uα

q = − I sin 2(ω1t + 300 ) cosω1t ,
(23)
uα + u β2
and consequently, the inverse Clarke Transform results in the instantaneous reactive current in the supply lines
⎡iRq ⎤
0
−1 ⎡ sin ω1t ⎤
⎢ ⎥ = I sin 2(ω1t + 30 ) C ⎢
⎥ =
⎢⎣ iSq ⎥⎦
⎣ − cosω1t ⎦
.
(24)
sin ω1t
⎤
0 ⎡
2
I sin 2(ω1t + 30 ) ⎢
=
0 ⎥
3
⎢⎣sin(ω1t − 120 ) ⎥⎦
Formulae (21) and (24) show that the names instantaneous active current and instantaneous reactive current were
given in the IRP p-q Theory to currents that have nothing in common with the notion of the active and reactive
currents as used in electrical engineering. Also the reactive current iq occurs in supply lines of the load in spite of its
zero reactive power, Q. Moreover, both the active and reactive currents in systems with sinusoidal voltage and linear
loads that do not generate harmonics, as considered in the Illustration, are nonsinusoidal. For example, the active
current in the line R is equal to
I
iRp =
[2 cos ω1t + cos (ω1t + 600 ) + cos (3ω1t + 600 )] ,
(25)
6
iβ q =

2

thus, its contains the third order harmonic. This conclusion obtained from the IRP p-q Theory is in sharp contradiction
to the notion of the active current that was introduced to electrical engineering by Fryze. The suggestion of the IRP pq Theory that line currents of a linear load, that does not generate harmonics in a system with a sinusoidal voltage,
contain a nonsinusoidal component should be considered as a major misconception of electrical phenomena in threephase circuits. Moreover, unlike the active current, ia, defined by Fryze, the active current, ip, that results from the IRP
p-q Theory is not the current that should remain in the supply lines after the load is compensated to unity power
factor. It cannot be considered the compensation goal.
Illustration 1 also shows that the Instantaneous Reactive Power p-q Theory does not identify power properties of
the load instantaneously. Both powers are time-varying quantities, so that, a pair of their values at any single instant of
time does not identify power properties of the load. The possibility of instantaneous identification of the active and
reactive powers, p and q, does not mean that power properties of the load are identified instantaneously. For example,
for t = τ, such that (ω1τ+300) = 0, the instantaneous reactive power, q = 0, as it is in a circuit with purely resistive
balanced load, while for t = τ, such that (ω1τ+300) = 900, both the instantaneous active and reactive powers are equal
to zero. Thus, power properties of the load cannot be identified without observation of the p and q powers over the
entire cycle of their variability. However, even such an observation of these powers does not explain power properties
of the load without additional analysis. For example, the instantaneous reactive power, q, has occurred in the circuit
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considered in Illustration 1 not because of the load reactive power, Q, but because of the load imbalance. How could
this imbalance be identified having the values of the instantaneous reactive power q? Therefore, the IRP p-q Theory
has no advantages with respect to the time interval needed for the identification of load properties over power theories
based on the frequency-domain approach that require the system to be observed over one period, T, of its variability.
Illustration 1 has demonstrated that the instantaneous reactive current has nothing in common with the load
reactive power, Q. It also occurs that the instantaneous active current in the IRP p-q Theory has nothing in common
with the load active power, P. This is shown in Illustration 2.
Illustration 2. Let us consider a circuit with a purely reactive load as shown in Fig. 3, supplied like in Illustration 1,
thus, with the voltage in the α and β coordinates specified by formula (15).

Fig. 3.
The line currents in such a circuit are equal to
iR = 2 I cos (ω1t - 600),
iS = - iR,
thus, the line currents in the α and β coordinates are equal to
⎡ 2 I cos(ω1t − 60o ) ⎤
⎡ iα ⎤
⎥ =
⎢i ⎥ = C ⎢
⎢⎣ − 2 I cos(ω1t − 60o ) ⎥⎦
⎣β⎦

iT = 0,

I = 103.92 A,

⎡ 3 I cos(ω1t − 60o ) ⎤
⎢
⎥ .
⎢⎣ − I cos(ω1t − 60o ) ⎥⎦

(26)

(27)

Consequently, the instantaneous real and imaginary powers have the values
p = uα iα + u β iβ =

3 U I cos (2ω1t − 300 ) .

(28)

q = uα iβ − u β iα = − 3 U I [1 + sin (2ω1t − 300 )] .
(29)
In spite of the zero active power of the load, there is a non-zero active current in the circuit. Its value in the α and β
coordinates is equal to
uα
I
iα p =
p = [cos(ω1t − 300 ) + cos(3ω1t − 300 )] ,
(30)
2
2
2
uα + u β
iβ p =

uβ

I
p = − [sin(ω1t − 300 ) − sin(3ω1t − 300 )] ,
2
uα + u β
2

2

(31)

and in the phase coordinates is equal to
0
0 ⎤
⎡I
⎡ 2/ 3 ,
0 ⎤ ⎢ 2 [cos(ω1t − 30 ) + cos(3ω1t − 30 )] ⎥
(32)
⎢
⎥⎢
⎥ .
⎢⎣ −1/ 6 , 1 / 2 ⎥⎦ ⎢ − I [sin(ω1t − 300 ) − sin(3ω1t − 300 )]⎥
⎣ 2
⎦
In particular, the instantaneous active current in the line R is equal to
I
(33)
[cos(ω1t − 300 ) + cos(3ω1t − 300 )] .
iRp =
6
This means that according to the IRP p-q Theory an active current occurs even in purely reactive circuits. This current
is nonsinusoidal even if there is no source of harmonics in the supply source and the load.
Illustrations 1 and 2 show some features of the IRP p-q Theory when it is applied to systems with sinusoidal
voltages and currents without any explanation of these features. They can be explained using the Theory of the
Currents’ Physical Components.

⎡iRp ⎤
⎡i ⎤
−1 α p
⎢ ⎥ = C ⎢ ⎥=
⎢⎣ iSp ⎥⎦
⎢⎣iβ p ⎥⎦

3. Apparent Power Related Ambiguity
Power theory provides definitions of various powers in electrical circuits along with relations between them.
Unfortunately, there is a major ambiguity with respect to one of the most commonly used powers, namely the
apparent power, S, in three-phase systems. This ambiguity exists even at sinusoidal voltages and currents [3]. Namely,
according to the IEEE Standard Dictionary of Electrical and Electronics Terms [19], the apparent power is defined as
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SA = U R I R + U SIS + U T I T ,
and this power is referred to as arithmetical apparent power or as

(34)

SG = P 2+ Q 2 ,
(35)
referred to as geometrical apparent power. There exists a third definition of the apparent power for three-phase threewire systems introduced for such systems under nonsinusoidal conditions in Ref. [17], but not referenced by the IEEE
Standard Dictionary, namely
S = ||u|| ⋅ ||i || .
For systems with sinusoidal voltages and currents this apparent power is equal to
S = SB = U R2 + U S2 + U T2 ⋅ I R2 + IS2 + I T2 ,

(36)
(37)

and was suggested [20] by Buchholz in 1922. In balanced three-phase systems with sinusoidal voltages and currents
these three apparent powers have the same numerical value. The difference becomes visible when the load is
unbalanced or waveforms are nonsinusoidal. This difference in a circuit with an unbalanced load is shown in
Illustration 3.
Illustration 3. For the system shown in Figure 2, definitions (34), (35) and (37) result in
SA = 24.9 kVA, SG = 21.6 kVA, SB = 30.5 kVA,
and consequently, the power factor, λ = P/S, that means the ratio of the active and apparent power depends on the
selection of the apparent power definition. Since the active power of the load in the Illustration considered is equal to
P = 21.6 kW, then, depending on the selection of the apparent power definition, different values of the power factor
are obtained, namely:
λA = 0.87,
λG = 1,
λB = 0.71.
Thus, it seems to be unclear what is the true value of the power factor. It is unclear as well, what is the power rating of
a compensator, Sc, needed for the power factor improvement to unity value, that means
B

B

Sc = S 2 − P 2 .
(38)
The result depends on the selection of the apparent power definition. Unfortunately, any relation between powers in
three-phase circuits cannot be established without due clarification of this ambiguity related to the apparent power
definition.

4. Selection of the Apparent Power Definition
The apparent power is not associated with a particular power phenomenon in electrical circuits. It is a conventional
quantity, a figure of merit that describes the supply equipment with respect to the voltage and current RMS values the
supply is capable to provide customers. The same is with the power factor, λ. It is the ratio of the active and apparent
powers, P/S. Its decline at a specified load active power, P, is associated with an increase in the RMS value of the
supply current and consequently, with an increase of the active power loss in the supply. Therefore, the power loss in
the supply can provide a key for the selection [3] of the true value of the power factor and consequently, for the
selection of the apparent power definition. This selection can be based on the reasoning presented in the following
Illustration.
Illustration 4. Resistances in the balanced system shown in Figure 4 were selected in such a way that, at the
distribution voltage U = 220 V, the load active power P = 100 kW while the active power loss in the supply source
amounts to 5 percent of the load active power, that means, ΔPs = 5 kW. Because the load is balanced, all three
definitions of the apparent power result in the same value of SA = SG = SB = 100 kVA.
B

Fig. 4.
In the next step of this reasoning, the resistance of the unbalanced load, shown in Fig. 5, was calculated, at the
assumption that this load, supplied from the same source has the same active power P = 100 kW. Since the load is
unbalanced, definitions (34), (35) and (37) result in different values of apparent power, namely
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SA = 119 kVA, SG = 100 kVA, SB = 149 kVA,
and in different values of the power factor
λA = 0.84, λG = 1, λB = 0.67.
B

B

Fig. 5.
Observe, that when energy is delivered to the unbalanced load the active power loss in the supply increases from 5 to
11.2 kW, thus the purely resistive load in the circuit shown in Fig. 5 cannot be considered as load with unity power
factor. Calculation of the power factor using the geometrical apparent power results in just such a unity power factor.
This disqualifies the geometrical apparent power, SG, as an acceptable definition of the apparent power in the presence
of load imbalance. However, the question: which value λA or λB represents the true value of the power factor? still
remains unanswered.
Since the value of apparent power of balanced loads is independent of this power definition, we could ask the
question: what is the apparent power of a balanced load with the active power P = 100 kW, that causes the same
active power loss in the supply, that is ΔPs = 11.2 kW, as the unbalanced load shown in Fig. 5? A balanced RL load
has to be found that satisfies the requirements as to powers P and ΔPs values to answer such a question. Solution of
such a problem results in the circuit shown in Fig. 6. For such a circuit
SA = SG = SB = 149 kVA,
and its the power factor
λA = λG = λB = 0.67.
It means that the unbalanced load as shown in the Fig. 5 is equivalent with respect to the power loss in the supply to
the balanced RL load shown in Fig. 6 that has power factor λ = 0.67.
B

B

Fig. 6.
Thus, the power factor decline due to the load imbalance is associated with a true value of the power loss increase if
the apparent power S is calculated according to the definition

S = ||u|| ⋅||i || = U R2 + U S2 + U T2 ⋅ I R2 + IS2 + I T2 .

(39)

The arithmetic and geometric definitions of the apparent powers as suggested by the IEEE Standard Dictionary [19]
do not characterize true loading of the supply source with respect to active power loss ΔPs in the supply and the true
power factor. Therefore, the apparent power, S, in the Theory of the Currents’ Physical Components is defined
according to definition (36).
5. The CPC Theory of Three-Phase Systems under Sinusoidal Conditions
The Theory of the Currents’ Physical Components was developed in Ref [17] for three-phase, three-wire systems
with nonsinusoidal voltages and currents. It is used in this paper for analysis of the IRP p-q Theory applied to threephase, three-wire systems with sinusoidal voltages and current. Therefore, only a reduced version of CPC Theory is
needed, as drafted in this section.
Let a linear load as shown in Fig. 7 is supplied with a symmetrical voltage of the positive sequence, such that
uR(t) = 2 U R cos ω1t . The load can be characterized by two admittances. Namely, by the equivalent admittance
Ye = Ge + jBe = YRS +YST + YTR ,
(40)
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and the unbalanced admittance
A = Ae jψ = − (YST + αYTR + α*YRS) ,

0

α = 1 e j 120 .

(41)

Fig. 7
If the complex RMS values of the line-to-artificial zero point voltages of the supply are arranged into vectors
⎡U R ⎤
⎡U R ⎤
⎢U ⎥ = U # ,
⎢U ⎥ = U ,
⎢ T⎥
⎢ S⎥
⎢⎣ U S ⎥⎦
⎢⎣U T ⎥⎦

(42)

then, the supply current of the load
⎡iR ⎤
⎡ IR ⎤
⎢
⎥
i = ⎢ iS ⎥ = 2 Re ⎢⎢ I S ⎥⎥ e jω1t = 2 Re I e jω1t ,
⎢⎣ iT ⎥⎦
⎢⎣ I T ⎥⎦
can be decomposed into three components, namely
i = ia + i r + i u ,
where

(43)

(44)

ia =

2 Re{ Ge U e jω1t } ,

(45)

ir =

2 Re{ jBe U e jω1t } ,

(46)

is the active current,
is the reactive current and
iu = 2 Re{A U # e jω1t } ,

(47)

is the unbalanced current.
These three currents are mutually orthogonal, that means their scalar product, defined for periodic, three -phase
quantities x(t) and y(t) with the period T as
T

(x ,y ) =

1
x T(t) y (t) dt ,
T∫

(48)

0

is equal to zero. Therefore, the RMS values of these currents satisfy the relationship

||i ||2 = ||ia ||2 + ||ir||2 + ||iu||2 ,

(49)

where
||ia|| = Ge ||u||, ||ir|| = |Be| ||u||, ||iu|| = A ||u||.
(50)
Multiplying equation (49) by the square of the supply voltage RMS value, ||u||2, the power equation of three-phase
loads with sinusoidal voltages and currents is obtained, namely
B

S 2 = P 2+ Q 2+ D 2 ,

(51)

where
D = ||u|| ||iu|| = A ||u||2,

(52)
is the unbalanced power of the load, while
Q = ± ||u|| ||ir|| = − Be ||u||2.
(53)
P = ||u|| ||ia|| = Ge ||u||2,
Equation (51), along with definitions (52) and (53), emphasize the dependence of the load apparent power S on three
independent power phenomena of three-phase systems with sinusoidal voltages and currents. (i) Permanent energy
transmission and associated active power, P, (ii) the current phase-shift due to the presence of reactive elements in the
load and associated reactive power, Q, and (iii) the load imbalance related supply current asymmetry and associated
unbalanced power, D. Because the active, reactive and unbalanced currents, ia, ir and iu, are associated with
distinctive physical phenomena in the circuit, these currents are referred to as physical components of the current.
B
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Let us apply the CPC Theory to the circuit considered in Illustration 1. Since the line-to-line admittances of the
load YRS = 0.5 S, YST = YTR = 0, the formula (40) results in the equivalent admittance,
Ye= Ge+ jBe = YRS+YST + YTR = 0.5 S .
and the formula (41) results in the unbalanced admittance
0

A = − (YST + αYTR + α*YRS) = − α*YRS = 0.5 e j 60 S ,
Consequently, the active current of the load is equal to
U
⎡
⎤
cosω1t
⎡
⎤
⎡iRa ⎤
⎢ − j 1200 ⎥ jω t
⎢
⎥
⎢
⎥
0
ia = ⎢ iSa ⎥ = 2 Re{ Ge ⎢U e
⎥ e 1 } = 60 2 ⎢ cos(ω1t − 120 ) ⎥ A .
⎢ + j 1200 ⎥
⎢
0 ⎥
⎢⎣ iTa ⎥⎦
⎢⎣U e
⎥⎦
⎣⎢ cos(ω1t + 120 ) ⎦⎥

Since the equivalent susceptance, Be, of the load considered is equal to zero, the reactive current does not occur in the
supply current. The unbalanced current is equal to
⎡ cos(ω t + 600 ) ⎤
U
⎡
⎤
1
⎡iRu ⎤
⎢
⎥
⎢
0 ⎥
iu = ⎢⎢ iSu ⎥⎥ = 2 Re{A ⎢U e + j 120 ⎥ e jω1t } = 60 2 ⎢ cos(ω1t + 1800 ) ⎥ A .
⎢
⎥
⎢ − j 1200 ⎥
⎢ cos(ω1t − 600 ) ⎥
⎣⎢ iTu ⎦⎥
⎢⎣U e
⎥⎦
⎣
⎦
Indeed, the sum of the active and unbalanced currents is equal to the line current of the load, namely
⎡ cos(ω1t + 300) ⎤
⎢
⎥
ia + iu = 103.9 2 ⎢ cos(ω1t − 1500) ⎥ A = i ,
⎢
⎥
0
⎢
⎥
⎣
⎦
thus, the supply current cannot contain any component other than the active and unbalanced currents, which is
consistent with the load properties. It is a resistive unbalanced load. Unlike in the case of the IRP p-q Theory, the
same consistence is obtained when the CPC Theory is applied to the circuit shown in Figure 3. The supply current in
this circuit is composed of only the reactive and unbalanced currents.
Having drafted the CPC Theory as it applies to systems with sinusoidal voltages and currents, it can be used now
for analysis of some features of the IRP p-q Theory. A main concern is the relationship of the p and q powers to the
load parameters and its active, reactive and unbalanced powers, P, Q and D.
B

6. Relationship between p, q and P, Q, D Powers
According to the CPC Theory, the supply current in line R can be expressed as
iR = iRa + iRr + iRu = 2 Re{( Ge + jBe + A) U R e jω1t } ,

(54)

and the supply current in line S as
iS = iSa + iSr + iSu = 2 Re{( Ge + jBe + α *A) US e jω1t } .
The Clarke Transform (9) of the line currents results in
⎡ 2 Re{( G + jB + A) U e jω1t } ⎤
⎡ iα ⎤
⎡iR ⎤
e
e
R
⎥ =
⎢i ⎥ = C ⎢ ⎥ = C ⎢
jω1t ⎥
*
i
⎢
β
S
⎣
⎦
}⎦
⎣ ⎦
⎣ 2 Re{( Ge + jBe + α A) U S e

(55)

⎡ 3 Re{( G + jB + A) U e jω1t } ⎤
R
e
e
⎥ =
= ⎢
⎢⎣ 3 Re{(- j Ge + Be + j A) U R e jω1t }⎥⎦
⎡ G cos ω1t - Be sin ω1t + A cos (ω1t + ψ ) ⎤
= 3 UR ⎢ e
⎥
⎣ Ge sin ω1t + Be cos ω1t - A sin (ω1t + ψ ) ⎦

(56)

Taking into account that the supply voltage in the α and β coordinates is specified by formula (15) and having the
line currents expressed in these coordinates, the instantaneous active power can be expressed in terms of the load
equivalent parameters as follow
p = uα iα + u β iβ = 3U R2 [ Ge + A cos (2ω1t + ψ )] .
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(57)

Thus, the instantaneous active power is associated with two different phenomena, namely, with permanent energy
conversion in the load, characterized by its equivalent conductance, Ge, and with the load imbalance, characterized by
its unbalanced admittance, A.
The instantaneous reactive power, expressed in terms of the load equivalent parameters, is equal to
q = uα iβ − u β iα = 3U R2 [ Be − A sin (2ω1t + ψ )] .

(58)

Thus, it is also associated with two different phenomena, with the presence of reactive elements in the load,
characterized by its equivalent susceptance, Be, and like the instantaneous active power, p, with the load imbalance.
Taking into account that particular powers of the load in the Theory of the CPC be expressed in terms of the load
equivalent parameters, thus
B

P = 3 Ge U R2 , Q = - 3 Be U R2 , D = 3 A U R2 ,
the instantaneous active and reactive powers in the IRP p-q Theory can be expressed as

(59)

p = P + D cos (2ω1t + ψ )] ,

(60)
q = − Q − D sin (2ω1t + ψ )] .
(61)
These two relations between powers in the IRP p-q Theory and the active, reactive and unbalanced powers, P, Q and
D explain the reasons for which this theory fails to identify power properties of three-phase loads. Each of these two
powers is affected by two different power phenomena, thus they are internally involved quantities. Moreover, the load
imbalance causes their time variability and consequently, power properties cannot be identified instantaneously.
Further signal processing of the p and q powers is needed for identification of the load parameters, Ge, Be and A, as
well as P, Q and D powers.
B

7. Power Factor Improvement and Compensator Energy Storage
Although the IRP p-q Theory is commonly used as a theoretical fundamental for the control algorithm of
compensators for the power factor improvement, this theory does not provide an explicit relationship between p and q
powers (or between active and reactive currents) and the power factor, λ. Although the IRP p-q Theory is applied
mainly for compensator control in the presence of harmonics, some deficiencies of this theory in compensation related
issues seem to be visible even in systems with sinusoidal voltages and currents. Namely, the power factor is the ratio
of the active and apparent powers, λ = P/S, but these two powers are not directly identified by the IRP p-q Theory.
These powers can be calculated after the entire period of the p and q powers variability is observed. The time needed
for the power factor evaluation is not shorter than that when the formula
||i ||
λ = a .
(62)
||i ||
is used. Unlike the IRP p-q Theory, the CPC Theory provides, however, explicit criteria that have to be met by a
compensator to improve the power factor to unity. Since formula (62) can be expressed as

λ =

||ia||
2

||ia|| +||ir||2+||iu||2

,

(63)

the supply source operates with unity power factor only if the reactive and unbalanced currents are totally
compensated. Details of such compensation based on the CPC Theory are not the subject of this paper, however. Only
some general issues related to energy oscillation and required energy storage by the compensator are discussed here.
The IRP p-q Theory handles the energy oscillation and required capability of the compensator for energy storage
in terms of the mean and the oscillating component value of the p and q powers. Since the association of these powers
with specific power phenomena in the circuit is ambiguous, also the issue of the relationship between the required
capability of energy storage of the compensator and power properties of the load remains unclear.
When the CPC Theory is applied for that purpose, then the rate of energy flow from the supply source to a threephase three-wire load can be expressed in terms of physical components of the current as a sum of instantaneous
powers associated with the active, reactive and unbalanced currents, namely
dW
= p = u T(ia + ir + iu ) = pa + pr + pu .
(64)
dt
The term pa = uTia, represents the component of the instantaneous power, p, that occurs when the load has the active
power, P. Therefore, only this part of the instantaneous power p should be referred to as the instantaneous active
power. The term pr = uTir, represents the component of the instantaneous power, p, that occurs when the load has the
reactive power, Q. Therefore, only this part of the instantaneous power p should be referred to as the instantaneous
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reactive power. The term pu = uTiu, represents the component of the instantaneous power, p, that occurs when the load
has the unbalanced power. Taking into account that
cosω1t
⎡
⎤
⎡uR ⎤
⎢
⎢
⎥
0 ⎥
(65)
u = ⎢ uS ⎥ = 2 U R ⎢ cos (ω1t − 120 ) ⎥ ,
⎢
⎥
0
⎢⎣ uT ⎥⎦
⎣ cos (ω1t + 120 ) ⎦
and the physical components of the current are defined by formulae (45)-(47), particular instantaneous powers are
equal to

pa = u Tia ≡ P ,

(66)

pr = u Tir ≡ 0 ,

(67)

pu = u Tiu = D cos(2ω1t + ψ) .

(68)
Thus, energy oscillation between the load and the supply source is associated only with the presence of unbalanced
current.
A compensator that improves the power factor to unity value must compensate the reactive and unbalanced
currents. Let us suppose, that these currents are compensated by two separate compensators as shown in Fig. 8,
namely, a compensator of the reactive current that has the current i = – ir and a compensator of the unbalanced current
that has current i = – iu.

Fig. 8.
Since at each instant of time, pr = 0, there is no energy flow between the supply source and the compensator of the
reactive current ir, therefore, energy storage is not needed for the reactive current compensation. There is however,
energy oscillation, with the power pu specified by formula (68), between the compensator of the unbalanced current iu
and the supply source. Such a compensator of unbalanced current cannot be built without a sufficient capability of
energy storage. Since the frequency of energy oscillation is equal to 2ω1, the compensator has to be able to store, at
least, energy
T/4

Ws =

∫

T/4

pu dt = D

0

∫
0

sin2ω1t dt =

T
D.
2π

(69)

The compensator for the power factor improvement is built, of course, as a single device that compensates both
reactive and unbalanced current. Formula (69) specifies the required energy storage capability necessary for such a
compensator.
8. Conclusions
The analysis presented in this paper demonstrates that the IRP p-q Theory considered as a power theory, i.e., a
theory that explains and describes power related phenomena in electrical circuits, has major deficiencies. It does not
identify power properties of three-phase systems even under sinusoidal conditions. It identifies these properties only
under the conditions that the load is balanced. A three-phase, three-wire balanced system under sinusoidal conditions
is a trivial case, however. That case can be reduced for analysis to a single-phase system. Nonetheless, it is a clear
advantage of the IRP p-q Theory over other ones that in balanced sinusoidal systems, where P = q and Q = - p, it
enables to calculate the active and reactive powers instantaneously. Unfortunately, when the load is unbalanced then
the p and q powers are time variant quantities that do not provide instantaneous information on power properties of the
load. Indeed, both powers are involved quantities, dependent at the same time on two different power phenomena. An
additional analysis is required to identify the active, reactive, unbalanced and apparent powers after the p and q
powers are recorded over the entire period of their variability. Consequently, the IRP p-q Theory, although it is based
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on a time-domain approach to power theory, has no advantages over the frequency-domain approach with respect to
the time interval needed for identification of power properties of three-phase loads.
According to the IRP p-q Theory, the instantaneous reactive current can occur in linear circuits without reactive
elements and consequently, when the reactive power is zero. Moreover, the instantaneous active current can occur
when the active power is zero. These conclusions from the IRP p-q Theory contradict the common meanings of the
active and reactive currents. Moreover, these two currents in systems with sinusoidal supply voltage and without any
loads that generate harmonics are nonsinusoidal. It means, the IRP p-q Theory misinterprets power phenomena in
electrical circuits. Moreover, it does not reveal the load imbalance as the cause of power factor degradation. It
interprets the load imbalance as a loading that causes only a change of the active and reactive currents.
The analysis presented in this paper does not evaluate the usefulness of the Instantaneous Reactive Power p-q
Theory for developing control algorithms of active power filters. Among other reasons, also because such filters are
built to compensate the load generated current harmonic, while analysis in this paper was confined to systems under
sinusoidal conditions. Nonetheless, the results of this analysis raise a question: is the instantaneous compensation
possible if power properties of three-phase loads cannot be identyfied instantaneously? Expectations towards power
theory are, of course, different than towards control algorithm of a compensator. However, one could ask a question:
is the control credible if it is based on a power theory that misinterprets power phenomena?
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