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Abstract— Energy flow - related phenomena in three-phase
unbalanced, linear, time-invariant (LTI) loads, supplied with
asymmetrical and nonsinusoidal voltages are investigated in
the paper. It is demonstrated that the load current can be
decomposed into Currents’ Physical Components (CPC),
associated with distinctive physical phenomena in the load. It
is also shown how the CPC can be expressed in terms of the
supply voltage and equivalent parameters of the load. This
decomposition provides solid fundamentals for defining
powers of such loads.

the load current decomposition into the Currents’ Physical
Components (CPC). The objective of this paper is explanation of the power properties of three-phase unbalanced
loads at asymmetrical and nonsinusoidal voltage using the
concept of the load current decomposition into CPC, at the
assumption that the load is linear and time-invariant (LTI),
however. This assumption means that the load cannot
generate current harmonics. They can occur only as a
response to the supply voltage harmonics.

Keywords-power definitions; orthogonal decomposition;
scattered current; scattered power; power theory; CPC..

I.

INTRODUCTION

II.

LOAD LINE-TO-LINE ADMITTANCES

Power properties of a three-phase load have to be determined having available only voltages and currents at the
load terminals. Let these are line-to-line voltages, vRS(t),
vST(t) and vTR(t) and line currents iR(t), iS(t) and iT(t). They
can be arranged into vectors

Residential, industrial and commercial loads have a
form of aggregates of single-phase loads supplied from ∆/y
transformer, as shown in Fig.1. The same applies to tracdf
df
tion systems. Such loads as seen from the primary
side of
T
T
v (t) [=
=
vRS(t), vST (t), vTR (t)] , i [iR (t), iS(t), iT (t)] . (1)
the transformer stand for three-wire loads. The lines on the
secondary side of the supply transformer are mainly loaded
We assume that all these quantities, denoted generally
by x(t), are periodic and can be expressed in terms of their
phase-by-phase and consequently, such a three-phase load
harmonics xn(t)
can be unbalanced. This applies particularly to three-phase
AC arc furnaces, where each arc stands for an individual
jn ω t
(2)
x(=
t) ∑ xn(t=
) X 0 + 2 Re ∑ X n e 1
single-phase load, sometimes of very high power.
n∈N

n∈N

where N denotes the set of harmonic orders n and
jα n
=
X n X=
ne

Fig. 1. Three-phase, three-wire system with aggregates
of single-phase loads

It is known how to describe such unbalanced load in
terms of powers when the supply voltage is nonsinusoidal,
but symmetrical [xx] or when the supply voltage is
asymmetrical, but sinusoidal [yy]. Description of such
loads in terms of powers when, at the same time, the
supply voltage is both asymmetrical and nonsinusoidal is
currently not known.
Power properties of three-phase loads at nonsinusoidal,
but symmetrical voltage and at asymmetrical, but sinusoiddal voltage were explained in [xx] and [yy] by means of

2
T

T

∫0 x(t) e

− jnω1t

dt

(3)

is the complex rms (crms) value of the nth order harmonic.
Modern measurement instruments calculate these values
digitally. Instead of using (3), they process samples of
voltages or currents xk, provided by voltage or current
sensors and analog to digital (A/D) converters. Such digital
instruments can calculate the crms values Xn using
Discrete Fourier Transform (DFT), namely
Xn =

2
K

k=K −1

∑
k=0

xk e

− j 2π n k
K

(4)

where K denotes the number of samples in one period T of
the supply voltage variability.
Assuming that voltages and currents are nonsinusoidal,
but periodic, the voltage and current vectors can be expres-
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sed as a sum of harmonics of the order n from a set N,
namely
df

v (t)
=

 vRS(t) 
=
v (t) 
 ST 
vTR (t) 

VRSn 

 jnω 1t
v n (t) = 2 Re
VSTn=
e

n∈N
n∈N V
 TRn 

∑

= 2 Re

∑

∑V ne

(5)

jnω 1t

n∈N
df

=
i (t)

i R (t) 
=

 i S(t) 
 i T (t) 

 I Rn 

 jnω 1t
i n (t) = 2 Re
e
 ISn =
n∈N
n∈N  I 
T
n



∑

= 2 Re

∑

∑ I ne

(6)

jnω 1t

2
2
2
Det{U } = U ST
U TRU RS +U TR
U RSUST +U RS
U TR =
*
= U RS UST U TR (UST
+ U *TR + U *RS ) = 0

(11)

which means that (10) does not a have unique solution. It
has an infinite number of solutions. One of three line-toline admittances, YRS, YST or YTR can have any value. Thus,
there is an infinite number of loads of ∆ structure equivalent to the original load with respect to currents at the load
terminals and consequently, with respect to the load active
and reactive powers P and Q.
Illustration 1.The load shown in Fig. 3 at the supply
voltage of the crms values URS = 100V, UST = j100V and
UTR.= (−100 − j100) V has the active power P = 40 kW.

n∈N

Having the complex rms (crms) values of the voltage
and current harmonics at the load terminals, the following
question can be asked: is it possible to calculate equivalent
line-to-line admittances of a three-phase load for harmonic frequencies?
This question applies to any harmonic, therefore, in an
attempt to answer it, we can neglect the harmonic order n,
assuming that nω1 = ω. Thus the above question simplifies
to: having the crms values of voltages and currents at
terminals of the load shown in Fig. 2(a), can we find
equivalent line-to-line admittances in the circuit in ∆ structure shown in Fig. 2(b)?

Fig. 3. Example of a load

The crms values of the line currents are:
IR = (200 + j100) A
IS = (−100 + j100) A
IT = (−100 − j200) A.

We can find a load equivalent to that in Fig. 3, assuming any value for one of the three line-to-line admittances.
Let assume that YRS = 0, then from (8) and (9) we obtain:
YST = (1.0 + j1.0) S
YTR = (1.5 − j0.5) S

i.e., equivalent load, as shown in Fig. 4.
Fig. 2. Three-phase LTI load and its equivalent of ∆ structure

If P and Q are the active and reactive powers measured
at the load terminals, then the complex power of the load
in Fig. 2 (b) is
*
C =P+jQ =U RS I *RS + UST IST
+ U TR I *TR =
*
2
*
2
*
2
= YRS
U RS
+ YST
U ST
+ YTR
U TR

Fig. 4. A load equivalent to that in Fig. 3.

(7)

while the crms values of the line-to-line currents in the
equivalent load have to satisfy node equations:
=
I R YRSU RS − YTRU TR

(8)

=
IS YSTUST − YRSU RS

(9)

Equations (7) − (9), after some minor re-arrangements, can
be written in the matrix form
2
2
 U RS
U ST

0
 U RS
− U
U
ST
 RS

2 
*
U TR
 Y  C 
  RS   
− U TR   YST  =
(10)
 IR 
0  YTR   IS 

 

with three unknown line-to-line admittances YRS, YST and
YTR. Observe that the conjugate complex power of the load
C* = P + jQ is a known quantity. It can be measured at the
load terminals. Let us denote the square matrix on the left
side by U. Equation (10) has a unique solution on the condition that determinant of matrix U is not equal to zero.
Let us calculate it

This load at the same supply voltages has identical line
currents as that in Fig. 3 and the same active and reactive
powers, P = 40kW, Q = 0.
III.

THE LOAD CURRENT DECOMPOSITION

The internal voltage of the system
df

=
e (t)

 eR (t) 
=
e (t) 
 S 
e
 T (t) 

∑

n∈N

 e R n(t) 
=

 e S n(t) 
(
)
e
t
 T n 

∑ en (t)

(12)

n∈N

is assumed to be asymmetrical. Thus, each harmonic of
this voltage can contain symmetrical components of the
positive, negative and the zero order:
e (=
t)

∑ e=n ∑ (enp + enn + enz ) = e p + e n + e z

n∈N

(13)

n∈N

The zero sequence component ez(t) of the internal
voltage cannot cause any current in three-wire systems, but
it contributes to an increase of the three-phase rms value of
the supply voltage, thus it increases the apparent power S
and reduces the load power factor. Even an ideal resistive

INTERNATIONAL SCHOOL ON NONSINUSOIDAL CURRENTS AND COMPENSATION
JUNE 15-18, 2015, ŁAGÓW, POLAND

jnω t
balanced load supplied with a voltage that contains the =
u (t) ∑ un (t) = 2 Re ∑ (U np=
+ U nn ) e 1
symmetrical component of the zero sequence would have
n∈N
n∈N
(18)
the power factor lower than one. To avoid this, the zero
p p
n n jnω 1t
1
1
2
Re
(
)
U
U
e
=
+
n
∑ n
sequence component of the supply voltage has to be elimin∈N
nated by referencing the voltage to an artificial zero, as this
The load in Fig. 6(a) is equivalent with respect to active
is shown in Fig. 1. Such a voltage can be composed of
power P to a balanced resistive load, shown in Fig. 6(b),
symmetrical components of only the positive and the negative sequence:

∑

∑

u (t) = un = (unp + unn ) = u p + u n
n∈N

(14)

n∈N

The crms values of the symmetrical components of the
supply voltage harmonics U np , U nn and U nz are calculated in
the same way as for sinusoidal quantities, namely
Fig. 6. A three-phase load and a balanced resistive load equivalent
with respect to active power P.

U nz 
1 1 1  U R n 
 


p
1
U n  = 1 α α *   US n 


3
 n
1 α * α  U T n 
U n 


 

(15)

Gb =

When the supply voltage is symmetrical, then harmonics are also symmetrical and of a specified sequence.
Harmonics of the order n = 3k + 1 are of positive sequence;
harmonics of the order n = 3k − 1are of negative sequence,
while harmonics of the order n = 3k are of zero sequence.
When the supply voltage is asymmetrical, then this property is no longer valid, however. In particular, the third
order harmonic can exist both in the supply voltage and in
the load current, because at the supply voltage asymmetry,
the third order harmonic is not zero sequenc e. The third
order harmonic can contain symmetrical components of the
positive and negative sequence.
The supply voltage, referenced to the artificial zero,
arranged in a three-phase vector, can be presented in the
form
df

=
u (t)
=

 uR (t) 
=
u (t) 
 S 
uT (t) 

∑

U Rn 

 jnω 1t
un (t) = 2 Re
 U Sn =
e
n∈N
n∈N U 
 Tn 

∑

jnω t

2 Re=
U ne 1
n∈N

∑

2 Re

∑ (U np + U nn)e

P
||u ||2

(19)

where ||u || denotes three-phase rms value of the supply
voltage, equal to the root of sum of squares of line voltages
rms values, namely
||u ||=

|| uR ||2 + || uS ||2 + || uT ||2

(20)

The current of such an equivalent load
=
i a G=
bu

2 Re

∑ Gb (1p U np + 1n U nn )e

jnω 1t

(16)

jnω 1t

The vectors of the positive and the negative sequence
voltages in this formula can be expressed in terms the crms
values U np and U nn using unit three-phase vectors 1p and 1n
defined as follows
(17)

(21)

n∈N

will be referred to as the active current of the load.
According to the assumption in this paper, the load is
linear, so that the current response of the load to this
voltage can be calculated harmonic-by-harmonic.
The load at each harmonic frequency has the active and
reactive powers. For the harmonic of the nth order
=
Pn Re{
=
U nTI n*},
Qn Im{U nTI n*}

n∈N

 1  df
 1  df
p
α* 
α 
=
1
=
,
1n
 
 
α 
α* 

of conductance

(22)

The load can be unbalanced for the nth order harmonic, but
with respect to the active and reactive powers Pn and Qn at
voltage u n such a load is equivalent to a balanced load of
the phase admittance
P − jQn
C*
Yn b =Gn b + jBn b = n
= n2
2
||un ||
||un ||

(23)

where ||u n|| denotes the three-phase rms value of the nth
order voltage harmonic, equal to
||un || =

U R2n + U S2n + U T2n

(24)

Such equivalent load is shown in Fig. 7.

and illustrated in Fig. 5

Fig. 5. Unit three-phase vectors 1p and 1n.

Fig. 7. A balanced load equivalent to the original with respect
to Pn and Qn powers of the nth order harmonic.

Using these unit vectors, the supply voltage can be presented in the form

The line current of such an equivalent load is composed of
the active current

INTERNATIONAL SCHOOL ON NONSINUSOIDAL CURRENTS AND COMPENSATION
JUNE 15-18, 2010, ŁAGÓW, POLAND

=
i n a G=
n b un

2 Re{Gn b (U np + U nn ) e

jn ω 1t

}=

= 2 Re{Gn b ( 1 p U np + 1 n U nn ) e

jn ω 1t

(25)
}

and the reactive current
2 Re{ jBn b (U np + U nn ) e

T
=
i n r B=
n b un (t + 4 n)

jn ω 1t

= 2 Re{ jBn b ( 1 p U np + 1 n U nn ) e

}=

jn ω 1t

(26)
}

The admittance Ynb is admittance of equivalent balanced load, while the load can be unbalanced for the nth order
harmonic. Consequently, the nth order harmonic of the line
current i n can contain the unbalanced current
i n u =i n − i n b =i n − (i n a + i n r ) =
= 2 Re{I n − Yn b ( 1 p U np + 1 n U nn ) e

jn ω 1t

The currents in decomposition (34) affect the threephase rms value ||i || of the load current on the condition
that they are mutually orthogonal, meaning their scalar
product

(27)

and consequently, the load current (6) is equal to

∑ in (t) = ∑ (in a + in r + in u )

n∈N

T

∫

( i x , i v ) = 1 i x T (t) i v (t) dt
T

df

i=
r

0

||i r || =

(29)

||is || =

∑ jBn b (1 p U np + 1 n U nn ) e

jn ω 1t

(30)

||i u || =

n∈N

df

∑ in u = i u

(31)

n∈N

occurs in the load current because of the load imbalance
for harmonic frequencies.
The current
2 Re

∑ Gn b (1 p U np + 1 n U nn ) e

jn ω 1t

(32)

n∈N

is not the active current i a of the load, however. These two
currents differ by

∑ i n a − ia =

n∈N

∑

∑ Bn2b ||un ||2

(36)

n∈N

||i n s ||2
∑=
∑ (Gn b − Gb)2 ||un ||2

(37)

∑ ||in u ||2

(38)

n∈N

n∈N

occurs in the load current because of the phase shift of the
current harmonics with respect to the supply voltage harmonic. Therefore it can be regarded as a reactive current of
the load.
The current

n∈N

=

n∈N

n∈N

∑ in a =

∑ ||in r ||2

n∈N

n∈N

2 Re

(35)

is equal to zero. Harmonics of different order n, including
are mutually orthogonal. Therefore, calculation of the
three-phase rms value of quantities defined as a sum of
harmonics is straightforward. In particular,

The current

∑ in=r

ORTHOGONALITY

IV.

}

It means that each current harmonic i n can be regarded as a
sum of three components
(28)
in = in a + in r + in u
i R (t) 
i S(t) 
=
i (t) =
 i T (t) 

the load. Any other current contribute to this transfer. The
scattered current i s is associated with the phenomenon of a
change of the load conductance Gnb with harmonic order n.
The reactive current i s is associated with the phase-shift of
the load current harmonics with respect to the supply voltage harmonics. The unbalanced current i u is associated
with the load imbalance for harmonic frequencies.

=
2 Re
(Gn b − Gb)( 1 p U np + 1 n U nn ) e

jn ω 1t df

(33)

=
is

n∈N

This difference occurs when the conductance Gb of equivalent balanced load differs from conductances Gnb for harmonic frequencies. The current i s will be referenced to as a
scattered current.
Combining (29) – (33), the load current can be expressed as follows
(34)
i = i a + is + i r + i u
Each of these currents is associated with a different
phenomenon in the load. The active current i a is associated
with permanent energy delivery with active power P to the

Orthogonality of the active, reactive and unbalanced
currents in systems with sinusoidal quantities was proven
in [..]. This applies, of course, to individual harmonic of
any order n. Therefore, the active, reactive and unbalanced
components of the nth order harmonic of the load current i n
in decomposition (28) are mutually orthogonal, i.e.,
(39)
(=
in a , in r ) ( =
i n a , i n u ) (=
in r , in u ) 0
Current components in decomposition (29) are sums of
harmonics. Because harmonics of different order r and s,
are mutually orthogonal, then the scalar products of two
currents, which are sums of harmonics, can be expressed
generally as
(i x , i v ) = (

∑

ir x ,

r∈N

∑

s∈N

is v ) =

∑ ( i n x , i n v) .

(40)

n∈N

Thus, if harmonics of the same order n of two currents are
mutually orthogonal, i.e., ( i n x , i n v) = 0, then such currents
are orthogonal as well. Consequently, all terms on the right
side of (29) are mutually orthogonal, hence
i ||2 ||
||=

∑ in a ||2 + ||ir ||2 + ||iu ||2

(41)

n∈N

Since

∑ in a=

ia + i s

(42)

n∈N

the question arises, are the active and scattered currents
mutually orthogonal?
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need to create these components, incorporating the
applicable criteria that follow.
EASE OF USE

V.

For the nth order harmonic
P − jQn
C*
Yb n =Gb n + jBb n = n
= n2
2
||un ||
||un ||

i n = i an + i rn + i un.
=
ia n G=
b n un

2 Re{ Gb n (U np + U nn ) e

jn ω 1t

= 2 Re{ Gb n ( 1 p U np + 1 n U nn ) e

=
i r n B=
b n un (t + T /n /4)

}=

jn ω 1t

2 Re{ jBb n (U np + U nn ) e

}

jn ω 1t

}=

= 2 Re{ jBb n ( 1 p U np + 1 n U nn ) e

jn ω 1t

}

A. Selecting a Template (Heading 2)
First, confirm that you have the correct template for
your paper size. This template has been tailored for output
on the A4 paper size. If you are using US letter-sized paper,
please close this file and download the file for
“MSW_USltr_format”.
B. Maintaining the Integrity of the Specifications
The template is used to format your paper and style the
text. All margins, column widths, line spaces, and text fonts
are prescribed; please do not alter them. You may note
peculiarities. For example, the head margin in this template
measures proportionately more than is customary. This
measurement and others are deliberate, using specifications
that anticipate your paper as one part of the entire
proceedings, and not as an independent document. Please
do not revise any of the current designations.
This temp late, modified in MS Word 2003 and saved
as “Word 97-2003 & 6.0/95 – RTF” for the PC, provides
authors with most of the formatting specifications needed
for preparing electronic versions of their papers. All
standard paper components have been specified for three
reasons: (1) ease of use when formatting individual papers,
(2) automatic compliance to electronic requirements that
facilitate the concurrent or later production of electronic
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the various table text styles are provided. The formatter will

VI.

PREPARE YOUR PAPER BEFORE STYLING

Before you begin to format your paper, first write and
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lines. Go to Column icon and select “2 Columns”. If you
have an odd number of affiliations, the final affiliation will
be centered on the page; all previous will be in two
columns.
B. Identify the Headings
Headings, or heads, are organizational devices that
guide the reader through your paper. There are two types:
component heads and text heads.
Component heads identify the different components of
your paper and are not topically subordinate to each other.
Examples include Acknowledgments and References and,
for these, the correct style to use is “Heading 5”. Use
“figure caption” for your Figure captions, and “table head”
for your table title. Run-in heads, such as “Abstract”, will
require you to apply a style (in this case, italic) in addition
to the style provided by the drop down menu to
differentiate the head from the text.
Text heads organize the topics on a relational,
hierarchical basis. For example, the paper title is the
primary text head because all subsequent material relates
and elaborates on this one topic. If there are two or more
sub-topics, the next level head (uppercase Roman
numerals) should be used and, conversely, if there are not at
least two sub-topics, then no subheads should be
introduced. Styles named “Heading 1”, “Heading 2”,
“Heading 3”, and “Heading 4” are prescribed.
C. Figures and Tables
1) Positioning Figures and Tables: Place figures and
tables at the top and bottom of columns. Avoid placing
them in the middle of columns. Large figures and tables
may span across both columns. Figure captions should be
below the figures; table heads should appear above the
tables. Insert figures and tables after they are cited in the
text. Use the abbreviation “Fig. 1”, even at the beginning of
a sentence.
TABLE I.
Table
Head
copy

Figure 1. Example of a figure caption. (figure caption)

Figure Labels: Use 8 point Times New Roman for
Figure labels. Use words rather than symbols or
abbreviations when writing Figure axis labels to avoid
confusing the reader. As an example, write the quantity
“Magnetization”, or “Magnetization, M”, not just “M”. If
including units in the label, present them within
parentheses. Do not label axes only with units. In the
example, write “Magnetization (A/m)” or “Magnetization
{A[m(1)]}”, not just “A/m”. Do not label axes with a ratio
of quantities and units. For example, write “Temperature
(K)”, not “Temperature/K”.
ACKNOWLEDGMENT (HEADING 5)
The preferred spelling of the word “acknowledgment”
in America is without an “e” after the “g”. Avoid the stilted
expression, “One of us (R. B. G.) thanks . . .” Instead, try
“R. B. G. thanks”. Put sponsor acknowledgments in the
unnum-bered footnote on the first page.
REFERENCES
The template will number citations consecutively within
brackets [1]. The sentence punctuation follows the bracket
[2]. Refer simply to the reference number, as in [3]—do not
use “Ref. [3]” or “reference [3]” except at the beginning of
a sentence: “Reference [3] was the first . . .”
Number footnotes separately in superscripts. Place the
actual footnote at the bottom of the column in which it was
cited. Do not put footnotes in the reference list. Use letters
for table footnotes.
Unless there are six authors or more give all authors'
names; do not use “et al.”. Papers that have not been
published, even if they have been submitted for publication,
should be cited as “unpublished” [4]. Papers that have been
accepted for publication should be cited as “in press” [5].
Capitalize only the first word in a paper title, except for
proper nouns and element symbols.
For papers published in translation journals, please give
the English citation first, followed by the original foreignlanguage citation [6].
[1]

[2]
[3]

[4]
[5]
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Table Column Head
Table column subhead

Subhead

Subhead

More table copya
a. Sample of a Table footnote. (Table footnote)

We suggest that you use a text box to insert a
graphic (which is ideally a 300 dpi TIFF or EPS file,
with all fonts embedded) because, in an MSW
document, this method is somewhat more stable than
directly inserting a picture.
To have non-visible rules on your frame, use the
MSWord “Format” pull-down menu, select Text Box >
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