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CPC-based comparison of compensation goals 
in systems with nonsinusoidal voltages and currents 

 
Abstract. There is some level of confusion upon goals of compensation in systems with nonsinusoidal voltages and currents (NV&C), 
especially considering that compensation with switched compensators is a recursive process. This recursive nature of compensation is 
often ignored in discussions on compensation. This paper presents results of studies on recursive compensation with a switching compen-
sator, aimed at reducing the supply current to its active component, defined according to Fryze, according to CPC power Theory, and to its 
working component. The paper also shows that the instantaneous reactive power p-q theory-based algorithm for switching compensator 
control, does not provide, in the presence of the supply voltage harmonics and/or asymmetry, right control of such compensators.  
 
Streszczenie. Cele kompensacji w obwodach z niesinusoidalnymi przebiegami prądu i napięcia nie są jednoznacznie zdefinowane i są 
ciągle przedmiotem dyskusji, szczególnie, że kompensacja jest procesem iteracyjnym. Ten iteracyjny charakter kompensacji jest często w 
dyskusjach nad kompensacją pomijany. Artykuł przedstawia wyniki badań nad iteracyjnym procesem kopensacji, którego celem jest 
minimalizacja prądu zasilania do prądu czynnego w sensie Fryzego i w sense Teorii CPC, a także wtedy, gdy tym celem kompensacji jest 
redukcja prądu zasilania do prądu roboczego. Artykuł pokazuje, że teoria chwilowej mocy biernej, p-q, w warunkach zasilania odbiornika 
napięciem odkształconym lub asymetrycznym, nie tworzy poprawnych podstaw dla generowania sygnałów sterujących kompensatora. 
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Introduction 
 The ultimate goal of compensation in power systems is 
reduction of the cost of energy delivery and its utilization. 
Some elements of this cost, such as costs of investments, 
operation or cost of energy lost at delivery are relatively 
easy for estimation. However, cost of the life-span reduction 
by the supply voltage harmonics or asymmetry, related to 
overheating of the power equipment and/or effects of distur-
bances are rather difficult to evaluate in economic terms.  
 Therefore, the goals of shunt compensation are not 
formulated practically in economic terms, but rather in terms 
of reduction of electrical quantities that can be directly 
observed or measured. These could be some powers or 
harmful current components such as the reactive current or 
the current features such as its asymmetry and/or harmonic 
distortion.  
 Compensation can be envisioned in general as distribu-
ted over a power system with a hierarchy aimed at coordi-
nation of local compensators and their tasks. Having this in 
mind, we should observe that there is still a number of theo-
retical and practical questions related to local compensation 
and consequently, local compensation is the subject of this 
paper.  
 Observe that compensation goals are usually aimed at 
reduction of the cost of energy delivery, rather than on 
improvement of operation conditions of the compensated 
load. To improve the load operation conditions, impaired by 
the supply voltage harmonics and/or asymmetry, series 
compensators are needed. The subject of this paper is 
confined to shunt compensation, however.  
 The goals of shunt compensation are compared in this 
paper using the Currents’ Physical Components (CPC) 
power theory [7] as a theoretical tool. It identifies power 
phenomena in systems with nonsinusoidal voltages and 
currents (NV&C) and therefore, it is well suited for studies 
on such systems. 

Controversy on compensation goals 
 There is some level of controversy and confusion with 
respect to the compensation goals. This is an outcome of a 
long existing confusion and controversy [5] on various 
approaches to power theory of systems with NV&C, espe-

cially that these goals, depending on the power theory, are 
formulated in different ways. Very often, these goals in 
papers on compensation are simply not specified, which 
contributes even more to the confusion.  
  These goals in the Instantaneous Reactive Power (IRP) 
p-q theory are formulated [1, 2, 6] in terms of instantaneous 
powers p and q or currents related to these powers. In the 
CPC power theory, these goals are formulated in terms of 
currents physical components.  
 In some cases, these are only apparently different 
goals, but in fact, these are the same goals, expressed only 
in a different way. Confusion can be generated also by the 
lack of specifics in some papers as to conditions of the 
compensation goals. Some papers are not sufficiently spe-
cific whether these goals are to be achieved at sinusoidal or 
nonsinusoidal supply voltage; at its symmetry or asymmet-
ry, nor do these goals take into account the supply source 
impedance or, these goals of compensation are formulated 
for a load supplied from an infinite bus.  
 Three goals of compensation will be discussed in this 
paper, namely reduction of the supply current to its active 
component according to Fryze definition, according to CPC 
power theory and reduction of the supply current to its wor-
king component [7]. Discussion will be confined first to 
single-phase systems and next extended to three-phase, 
three-wire systems. Let us review the basic concepts. 

Active current according to Fryze definition 
 According to Fryze power theory, the minimum current 
needed at the terminal voltage u(t) for providing a single-
phase load with the active power P is the active current 

(1)              a e( ) = ( ),i t G u t   where e 2 .
|| ||

PG =
u

 

The remaining current component of the supply current 
(2)                       rF a( ) ( ) ( )i t i t i t− , 

should be compensated to obtain a unity power factor.  
 A switching compensator, connected as shown in Fig. 1, 
controlled in such a way that the compensator current j(t) is 
equal to the negative value of the Fryze reactive current 
irF(t), reduces the supply current to its active component. 
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Fig. 1. System with compensator of Fryze reactive current 

Active current in the CPC power theory 
 According to Fryze power theory, the whole terminal vol-
tage u(t) contributes to permanent flow of energy from a 
supply source to a load, meaning to its active power. This is 
true only on the condition that the load is not a source of 
harmonics. When this condition is not satisfied, then Fryze 
definition of the active current leads to results difficult to 
accept. Example of such a situation, taken from Ref. [7] is 
shown in Fig. 2. The supply voltage in this circuit was 
assumed to be 

1 1100 2 sin   Ve e tω= = , 

while the load contains a source of current harmonic  

3 150 2 sin3   Aj j tω= = . 

 

Fig. 2. Example of circuit with harmonic generating load 

The voltage and current at the load terminals are equal to 

1 3 1 180 2 sin  40 2 sin3   V,u u u t t= + = −ω ω  

1 3 1 120 2 sin + 40 2 sin3   Ai i i t t= + = ω ω . 

 It is easy to observe that the load active power P is 
zero, so that, there is no active, but only the reactive current 
irF in this circuit. Thus, the first conclusion is that compensa-
tion of the whole current i(t) is the compensation goal. This 
is, of course, a wrong conclusion. 
 It was observed in the Currents’ Physical Components  
power theory, that when current harmonics are originated in 
the load, due to its non-linearity or periodic time-variance, 
then a part of terminal voltage u(t) is only a response to 
injection of the current harmonics into the distribution sys-
tem. The active power Pn of such harmonics can be nega-
tive, meaning the energy at the frequency of such harmo-
nics flows from the load back to the supply source, reducing 
the load active power, P.  
 If PD denotes the sum of positive harmonic active pow-
ers Pn and uD(t) denotes the sum of the voltage harmonics 
for which these powers are positive, then the active current 
in the CPC power theory is defined as 

(3)             DaD eD( ) ( )i t G u t , where  D

D
eD 2 

|| ||
PG

u
 . 

For example, in the circuit shown in Fig. 2, PD = 1600 W, 

D 180 2 sin  V,u tω=     eD 0 25 SG .= , 

and the active current according to CPC power theory is 

aD 120 2 sin  Ai tω= . 

Thus, the compensator should eliminate the non-active 
component  

b aD 1 = 40 2 sin3   Ai i i tω= − , 
from the supply current. It modifies the terminal voltage to 
uD(t) component. Compensators should operate according 
to principle illustrated in Fig. 3. 
 Observe, that the non-active current ib(t) is orthogonal 
to the active current iaD(t), thus, assuming that the compen-
sator is lossless, it can compensate the system without any 
energy consumption. This is because its active power, Pc, 
as a scalar product, denoted as (.,.), of the load voltage 
uD(t) and the compensator current j(t), is zero because 

(4)                       Pc = (uD, j) =  (uD, ib) = 0. 

 
Fig. 3. System with compensator of CPC non-active current 

 The current ib(t) is not referred to as a reactive 
current, because this adjective is reserved in the CPC 
power theory only for a current component that occurs due 
to a phase-shift between the voltage and current harmonics. 
In fact, current ib(t) is composed [7] of the reactive, scat-
tered and the load generated currents, namely 

(5)                        ib(t) = ir(t) + is(t) + iC(t). 
 This decomposition has mainly a cognitive value, but 
also it is important for compensation more advanced than 
only with a switching compensator. For example, the reac-
tive current ir(t) can be compensated by shunt reactance 
compensators, while the scattered current is(t) is not affect-
ted by such compensators. The load generated current iC(t) 
can be reduced be resonant harmonic filters. These pro-
perties can be taken into account at hybrid compensation, 
built as reactance and switching compensators. Also, the 
reactive current ir(t) is usually a low frequency current, while 
the load generated harmonic current iC(t) is a high frequ-
ency current. This property can be taken into account at 
construction of hybrid compensators built of a low frequency 
and a high frequency switching compensator. 

Working current 
 The active current is proportional to the supply vol-
tage, meaning it is nonsinusoidal at distorted voltage and/or 
is asymmetrical when this voltage is asymmetrical.  
 Apart from energy absorbed by purely resistive loads, 
the energy conveyed by harmonics and/or negative sequ-
ence component of voltages and currents is not useful, but 
rather contributes to harmful effects in motors or electronic 
equipment. Only the positive sequence component of the 
current fundamental harmonic, which is in-phase with the 
voltage fundamental harmonic of the positive sequence, 
contributes to useful energy transmission to majority of 
present-day loads. This current component is referred to as 
a working current. In single-phase system  

(6)                        1w a1 w( ) ( ) ( )i t i t G u t= , 
where 

(7)                            1

1
w 1 2 

|| ||
PG G

u
  . 
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The remaining part of the current can be referred to as a 
detrimental current 
(8)                             d w( ) ( ) ( )i t i t i t− . 
 According to this reasoning, elimination of the detri-
mental current by a compensator, meaning its current 
should be controlled in such a way that 

(9)                               j(t) = − id(t), 

could be regarded as legitimate goal of compensation.  
 At such a compensation goal, assuming that the sup-
ply system is ideal, in the sense that its internal impedance 
is zero, so that the compensator does not affect terminal 
voltage, the compensator active power is equal to 

(10)             Pc = (u, j) = (u, − id) = (u, − (i− i1)) = 

        = − (u, i) +  (u, i1) = − P + P1 = − Ph, 

thus, the compensator has to deliver energy to the distribu-
tion system. Symbol Ph denotes the active power of all har-
monics except the fundamental one. Switching compen-
sators are not active, but passive devices, thus this energy 
has to be delivered to the compensator.  
 Assuming that the compensator is a lossless device, 
this energy can be delivered by an additional current, which 
is in-phase with the supply voltage fundamental harmonic, 
∆iw(t), such that  

(u, ∆iw) = Ph. 
It means that compensation of the detrimental current id(t) 
requires some increase of the working current. This is illus-
trated in Fig. 4. 

 

Fig. 4. System with a compensator of detrimental current id(t) 

 This result has a clear interpretation: when the system 
is compensated with a goal aimed at reducing the supply 
current to a sinusoidal one, then the energy conveyed to the 
load by harmonics has to be converted to energy taken 
from the source by an additional sinusoidal current in-phase 
with the voltage fundamental harmonic. It means, an incre-
ase in the working current value as compared to its value 
before compensation.  

Compensation as a recursive process 
 Switching compensator can be regarded as a control-
led current source. Its current is controlled, according to the 
assumed compensation goal, with a reference signal, gene-
rated by extracting information on the load powers proper-
ties from the terminal voltage and current. The compensator 
current affects the load voltage, current and powers and 
consequently, the reference signal. Thus, compensation in 
real systems is a recursive process.  
 A selected goal of compensation specifies the control 
algorithm in sequential steps of this recursive process, but 
not necessarily the final result. Convergence of this process 
and its final result may depend on the system properties. It 
is not clear for the authors of this paper, whether this con-
vergence could be a real problem or it is only an academic 
one. It seems, however, that in situations common for distri- 
bution systems, problems with convergence of this process 
should not occur.  

 The recursive process of compensation with the goal 
of reducing the supply current to the active current accord-
ing to Fryze definition, is illustrated on the purely resistive 
circuit shown in Fig. 5. The supply voltage in this circuit 
contains a relatively high, 5th order harmonic,  

1 11 5 100 2 sin 10 2 sin5 Ve e e t tω ω= + = + , 

while the load contains a source of the 7th order current 
harmonic 

17 15 2 sin 7   Aj j tω= =  

 

Fig.5. System with compensator of Fryze reactive current 

 Terminal voltage before compensation is 

1 1 180 2 sin 8 2 sin5 12 2 sin7  V,u t t tω ω ω= + −  

and the current 

1 1 120 2 sin 2 2 sin5 12 2 sin7  A.i t t tω ω ω= + +  

 The load active power, voltage rms value and the equi-
valent conductance are equal to, respectively 

e1472W,       || || = 82.29 V,      = 0.2228 S.P u G=  

hence, the active current is 

1 1 1a 17.82 2 sin 1.78 2 sin5 2.67 2 sin7  A.i t t tω ω ω= + −  

The compensator current, j = ia − i, is 

1 1 12 18 2 sin 0.22 2 sin5 14.67 2 sin7  A.j . t t tω ω ω=− − −  

It changes terminal voltage to 

1 1 182.18 2 sin 8.22 2 sin5 2.67 2 sin7  V,u t t tω ω ω= + +  

and the load active power, voltage rms value and the equi-
valent conductance to, respectively 

e1683W,       || || = 82.15 V,      = 0.2494 S.P u G=  

This changes the active current to 

1 1 1a 20.39 2 sin 2.04 2 sin5 0.07 2 sin7  A.i t t tω ω ω= + −  

 In five steps of iteration the compensator current con-
vergs to  

115.0 2 sin7  A,j tω=−  

and the terminal voltage and the supply current are finally 
modified to 

1 180 2 sin 8 2 sin5  V,u t tω ω= +  

1 1s 20 2 sin 2 2 sin5  A.i t tω ω= +  

This current occurs to be not the active current according to 
Fryze definition, but defined according to the CPC power 
theory, iaD(t), and the terminal voltage has converged to vol-
tage uD(t). Indeed, only this component of the voltage contri-
butes to the positive active power. Thus 

D D eD1616W,       || || = 82.40 V,      = 0.250 S.P u G=  

so that, the active current according to CPC power theory is 

1 1aD eD D 20 2 sin 2 2 sin5  A.i G u t tω ω= = +  
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 Thus, the recursive process of the switching compen-
sator control aimed at reducing the supply current to its 
active component, defined according to Fryze, has converg-
ed to the active current defined according to the CPC power 
theory. These two goals, different before compensation, 
have occurred to be identical after it. 
 Now, let us observe a compensation process when 
reduction of the supply current to its working component is 
the compensation goal. Since the load active power of the 
fundamental harmonic in the circuit considered is 

P1 = Pw = 1600 W,  
the working current is equal to  

1w 1 20 2 sin  A.i i tω= =  

 In the recursive process of the compensator control aim-
ed at reducing the supply current is(t) to its working compo-
nent, the compensator current converges to  

1 1 10.313 2 sin 2.5 2 sin5 15.0 2 sin7  A,j t t tω ω ω= − −  

while the supply current and the voltage are modified to 

1s 20.25 2 sin  A,i tω=  

1 179.75 2 sin 10 2 sin5  V.u t tω ω= +  
 The rms value of the working current is higher than that 
of the active one and consequently, there is higher energy 
loss at delivery. At first, compensation aimed at reducing 
the supply current to its working component, looks inferior 
to compensation to the active current. The increase in the 
cost of energy delivery could be regarded, however, as a 
sort of penalty for supplying the load with a distorted vol-
tage. It might create an incentive for reducing voltage har-
monics on the distribution side. 
 Effects of compensation aimed at reaching three discus-
sed goals were illustrated with the circuit where the voltage 
harmonic on the distribution side, e5, was orthogonal to the 
current harmonic generated in the load, j7. Consequently, 
these harmonics, having different order, did not contribute 
to any permanent flow of energy between the supply source 
and the load. The conclusions that can be drawn from these 
illustrations can be generalized to systems where distribu-
tion and load generated harmonics do not have common 
orders.  
 Voltage harmonics in distribution systems and current 
harmonics generated in the load can have the same order, 
however. Because of this, such harmonics can contribute to 
permanent energy flow. This flow depends, of course, on 
magnitude of these harmonics and their mutual phase.  
 Distribution voltage harmonics and load generated har-
monics occur as an effect of two different processes: one in 
the distribution system and the second in individual loads. 
With respect to phase-angles between the distribution vol-
tage and load generated current harmonics they can be 
regarded as mutually random and consequently, orthogo-
nal. Thus, in statistical terms, such harmonics, even of the 
same order, do not contribute to permanent energy flow 
between the load and distribution system. Nonetheless, 
compensation when these harmonics are not orthogonal 
can also be a matter of interest.  
 The worst case scenario in purely resistive circuits as 
considered, for example, in Fig. 5 occurs when the distri-
bution voltage harmonics and the load generated harmonics 
are in-phase.  
 To study a recursive process of compensation for such 
a worst case situation, confined to distortion with only a sin-
gle 3rd order harmonic, let us assume that in the system 
shown in Fig. 5, the distribution voltage harmonic and the 
load generated harmonic are in-phase and  

1 11 3 100 2 sin 10 2 sin3 Ve e e t tω ω= + = +  

3 120 2 sin3   Aj j tω= =  

Terminal voltage before compensation is 

1 180 2 sin 8 2 sin3  V,u t tω ω= −  

and the load current 

1 120 2 sin 18 2 sin3  A.i t tω ω= +  

 Let us assume that reducing the supply current to the 
active current according to Fryze definition, is the goal of 
compensation. 
 The load active power, voltage rms value and the equi-
valent conductance are equal to, respectively 

e1456W,       || || = 80.34 V,      = 0.2252 S.P u G=  

hence, reducing the supply current to its active component  

1 1a 18.02 2 sin 1.8 2 sin3  A,i t tω ω= −  
is the goal of compensation.  
 The compensator current, j = ia − i,  

1 11 98 2 sin 19.8 2 sin3  A,j . t tω ω=− −  

changes terminal voltage to 

1 178.48 2 sin 7.85 2 sin3  V,u t tω ω= +  

so that, the active current changes. Eventually, the process 
converges to 

1s 121.58 2 sin 2.16 2 sin3  A.i t tω ω= +  

1 11 98 2 sin 19.8 2 sin3  A,j . t tω ω= −  

1 178.42 2 sin 7.84 2 sin3  V,u t tω ω= +  
with 

e1709W,       || || = 78.81 V,      = 0.275 S.P u G=  

Thus, the compensation process does not converge to the 
active current of the load, but to a different current.  
 Let us assume that the supply current should be reduc-
ed to the active component, defined according to the CPC 
power theory. Since only the active power of the fundamen-
tal harmonic is positive, thus 

1D 80 2 sin  V,u tω=  

1D 20 2 sin  A,i tω=  
so that  

D D De1600W,       || || = 80 V,      = 0.25 S,P u G=  

and the detrimental current is 

1d 18 2 sin3  A.i tω=  

 A recursive process of compensation aimed at detri-
mental current compensation, but run in such a way that the 
compensator active power is zero, converges to 

D 1s a 22.32 2 sin  A,i i tω= =  

1 12 90 2 sin 22.5 2 sin3  A,j . t tω ω= −  

1 177.78 2 sin 10 2 sin3  V.u t tω ω= +  
The load active power after compensation is P = 1736 W. 
 Observe, that the active current iaD(t) in this particular 
situation is identical with the working current.  
 This numerical example illustrates a worst case scena-
rio. Harmonics on the distribution side and generated in the 
load can be regarded as mutually orthogonal. 
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Major limitation of the IRP p-q Theory 
 Compensation goals in three-phase, three-wire systems 
are often specified [1-3, 6] in terms of the instantaneous 
active and reactive powers p and q.  
 The central cognitive issue of the power theory as 
investigated and debated in numerous papers by Budeanu, 
Fryze, Shepherd & Zakikhani, Kusters & Moore, Quade, 
Depenbrock or Czarnecki are power properties of systems 
supplied with nonsinusoidal voltage. A concept that only 
describes power properties at sinusoidal supply voltage, 
does not match the main issue of the power theory. With 
that, let us verify how power properties of systems supplied 
with nonsinusoidal voltage are handled by the IRP p-q 
Theory as applied to a three-wire system.  
 Powers in the IRP p-q Theory are expressed in terms of 
voltages and currents in α and β coordinates, calculated 
with Clarke’s Transform. Although none of the voltage and 
current feature is lost by this Transform, since it is a linear 
transform, voltages and current in α and β coordinates are 
much more mathematical rather then physical entities.  
 Line-to-ground voltages uR(t), uS(t), uT(t) and line cur-
rents, iR(t), iS(t), and iT(t) can be directly measured and 
observed, therefore, describing instantaneous powers p and 
q in terms of these directly observable quantities could be 
beneficial for studies on properties of these powers.  
 Assuming that the line-to-ground voltages do not contain 
any zero sequence component, then of three line-to-ground 
voltages and three line currents only two voltages and two 
currents are mutually independent in three-wire systems. 
Therefore, it is reasonable to express instantaneous pow-
ers, p and q in terms of only these four independent quan-
tities. Let these voltages are uR(t), uS(t) and currents iR(t), 
iS(t).  
 The instantaneous active power can be rearranged to 
the form 

T
R R S S T T

R T R S T S RT R ST S

(11)            + +

                     ( ) + ( ) +

dWp p p u i u i u idt
u u i u u i u i u i .

= + = = =

= − − =

u i


 

 When R S T+ 0,u u u+ ≡  then the Clarke Transform of line-
to-ground voltages can be simplified to the form 

R

S

3 2 0

1 2 2

u u/ ,
u u/ ,

α

β

    
=     

        
, 

and similarly for the line currents, since  iR + iS + iT ≡  0,  

R

S

3 2 0

1 2 2

i i/ ,
i i/ ,
α

β

    
=     

        
. 

Therefore, the instantaneous reactive power can be expres-
sed in terms of phase quantities as 

R R S

R S R R S S R

(12)     3 2 (1 2 2 )

                     (1 2 2 ) 3 2 3 ( ).

q q q u i u i / u / i i

/ u u / i u i u i

α β β α= + − = × + −

− + × = −





 

 According to IRP p-q Theory, the load properties, and 
consequently the compensator control, are specified in 
terms of instantaneous powers p and q, or more precisely, 
in terms of their mean and variable components.  
 Let us calculate these components for a balanced resis-
tive, harmonic generating load (HGL), shown in Fig. 6(a), 
which is supplied by a symmetrical voltage of the positive 
sequence, such that at terminal R  

R 1 12 cos ,u U tω=  

generates symmetrical current harmonics of the 7th order, 
such that  

R 1 1 7 12 cos 2 cos 7i I t I tω ω= + . 

 The instantaneous active power p(t) of the load at such 
conditions is equal to 

1 1 1 1 7 1

1 1 1 1

RT R ST S
0

0 0

(13) 

               2 3 cos ( 30 ) ( cos cos 7 ) +

                + 2 3 cos ( 90 ) [ cos ( 120 )

                                             

                              +p

U t I t I t

U t I t

u i u i
ω ω ω

ω ω

= − × +

− × − +

= =

7 1

1 1 1 7 1

0          + cos (7 120 )]

                            = 3 3 cos 6

I t

U I U I t p + p .

ω

ω

− =

+ = 

 

 

Fig. 6. (a) System with Harmonic Generating Load (HGL)  
           and (b) system with linear load 

 Now, let us assume that the supply voltage contains the 
7th order harmonic,  

R 1 1 7 12 cos 2 cos 7u U t U tω ω= + , 

while the load is linear, balanced, purely resistive, of the 
phase conductance G, as shown in Fig.6 (b).  
 The instantaneous power of the load in such a situation 
is equal to 

T T T
1 7 1 7

T T T T
1 1 7 7 1 7 7 1

(14)              = = = [ ] [ ] =

                         = ( ).

p G G

G G G

+ +

+ + +

u i u u u u u u

u u u u u u u u
 

The first two terms are constant components of the instan-
taneous power 

T T 2 2
1 1 7 7 1 7|| || || ||G G G G P+ = + =u u u u u u 

 

The last term is equal to 

1R 7R 1S 7S 1T 7T

7R 1R 7S 1S 7T 1T

1R 7R 1S 7S 1T 7T

T T
1 7 7 1

1 7 1 1

( ) = [ ]
                              + [ ] =
                              = 2 [ ] =
               = 4 [cos cos7

     

G G u u u u u u
G u u u u u u
G u u u u u u

GU U t tω ω

+ + + +

+ +
+ +

× +

u u u u

0 0
1 1

0 0
1 1

1 7 1

                          + cos( 120 ) cos(7 120 )

                               + cos( 120 ) cos(7 120 )]

                = 6 cos6 .                                            

t t

t t

GU U t

ω ω

ω ω

ω

− × − +

+ × + =

 

Consequently, the instantaneous power of the load is 

1 7 1(15)                6 cos6p P GU U p + pω= + =  . 

The instantaneous reactive power q for both circuits is 
equal to zero. Consequently, two substantially different cir-
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cuits, shown in Fig 6(a) and (b), cannot be distinguished in 
terms of instantaneous powers p and q.  
 When the instantaneous active power p(t) has a non-
zero varying component, it can occur because the load 
generates current harmonics and this is a property of the 
load, or because the supply voltage is distorted, which is 
not the load property. The lack of information on the cause 
of this varying component is a major deficiency of the IRP 
p-q Theory as a fundamental for shunt switching compensa-
tor control. Such compensators are installed at the load 
terminals to compensate the load generated harmonics, but 
in the presence of the voltage harmonics the compensator 
attempts to compensate [9], not-existent the load origina-
ted current harmonics. 

Instantaneous active and reactive powers, introduced in 
Ref. [1], were defined according to the authors of Ref. [2] 
“…for arbitrary voltages and current waveforms without any 
restrictions.” Consequently, the question asked above on 
these powers under nonsinusoidal supply voltage is a legi-
timate question inside of the IRP p-q Theory. According to 
its authors, it was not restricted to systems with a sinusoidal 
supply voltage. It occurs, however, that the IRP p-q Theory 
is not capable of identifying power properties of loads with 
nonsinusoidal supply voltage. Conclusions of the IRP p-q 
Theory do not apply to systems supplied with such a 
voltage. This is the major limitation of that Theory, because 
one can expect, based on the authors assurance, that these 
conclusions are valid at arbitrary supply voltages.  
 This limitation can also be explained in the following 
way. Instantaneous powers p and q are algebraic forms of 
the supply voltages and the load currents, thus, their time 
features are affected both by the supply system excitation 
and by the load response. When only these two powers are 
known, it is not possible to conclude whether specific 
features of these powers come from the supply voltages or 
from the load currents. Consequently, no conclusions on 
the power properties of the load can be drawn.  

This limitation has important consequences for formula-
ting compensation goals in terms of instantaneous p and q 
powers. Although loads shown in Fig. 6(a) and 6(b) do not 
differ as to instantaneous powers, they have different power 
factor λ. The load in Fig. 6(a) can be compensated to a 
unity power factor with a resonant harmonic filter or with a 
switching compensator capable of reducing the 7th order 
harmonic. The load in Fig. 6(b) has, of course, a unity 
power factor. We can conclude this only from the load 
structure and parameters, but not from the instantaneous 
powers p & q values. An attempt of compensating the vary-
ing component of the instantaneous active power increases, 
as shown in paper [9] the supply current distortion and 
reduces the power factor, originally equal to λ = 1. Such a 
load might need an improvement in the supply quality with a 
series compensator or filter that would reduce the 7th order 
harmonic in the supply voltage, but for sure, not a shunt 
compensator. Also the supply voltage asymmetry can mess 
up conclusions drawn from instantaneous powers p and q 
features on the load power properties. Consequently, incur-
rect reference signals for compensator control can be gene-
rated. To show this, let us calculate the instantaneous reac-
tive power q of a purely inductive balanced load, shown in 
Fig. 7(a), of the sucseptance per phase equal to B = − 1/ωL, 
supplied with a sinusoidal symmetrical voltage of the 
positive sequence, equal at R terminal to 

p
R R 1

p2 cos ,u u U tω= =  

thus, with current in the line R equal to 

p
R R 1

p2 sin .i i BU tω= = −  

The instantaneous reactive power q is equal to 

1 1

1 1

R S S R
p2 0

0 p2

(16)      3 ( ) = 

                           = 2 3 [cos sin( 120 )

                            cos ( 120 ) sin ] = 3 ,

q q q u i u i

BU t t

t t BU Q

ω ω

ω ω

= + = −

− − −

− − = −



 

meaning its average value is equal to the load reactive 
power negative value, Q, in the common sense.  

 
Fig.7(a). Inductive load with symmetrical supply voltage 
               and (b) the same load with asymmetrical supply. 

 When the same load is supplied with asymmetrical 
voltage as shown in Fig. 7 (b), i.e., equal to the sum of the 
positive and negative sequence, so that  

p n+u = u u , 
then assuming that 

R 1 1
p n2 cos 2 cosu U t U tω ω= + , 

the instantaneous reactive power q is equal to 

1

1 1

1 1

R S S R
p n

p 0 n 0

p 0 n 0

 (17)    3 ( ) = 

                         = 3 {( )cos

                          [ sin( 120 ) sin ( 120 )]

                          [ cos( 120 ) cos ( 120 )]

  

q q q u i u i

B U U t

U t U t

U t U t

ω

ω ω

ω ω

= + = −

+ ×

× − + + −

− − + + ×



1
p n p2 n2

p n

                        ( )sin } = 3 3

                           = + .

U U t BU BU

Q Q

ω× + − =

−

 

This, however, is not the (negative) value of the load reac-
tive power of a balanced purely inductive load supplied with 
asymmetrical voltage, which is equal to 

p2 n2 p n(18)                    3 3 + .Q BU BU Q Q= − − =  

 At voltage asymmetry such that p nU U= , the instanta-
neous reactive power q of an inductive load is zero. A swit-
ching compensator controlled with the IRP p-q Theory-
based algorithm will not generate the right signal for such a 
purely inductive load compensation. 
 Similar problem occurs at compensation of a load imba-
lance, even of purely resistive loads, in the presence of 
supply voltage asymmetry.  
 Let us analyze such a situation with a purely resistive 
unbalanced load. When such a load is supplied, as shown 
in Fig. 8(a), with a sinusoidal symmetrical voltage of the 
positive sequence up, such that  

p
R R 1

p2 cos ,u u U tω= =  
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then the load current i contains an unbalanced current iu 
and the instantaneous active power p(t), according to Ref. 
[4], is equal to 

1(19)                 + cos(2 )]p p p P D tω ψ= + = + , 
where D is the load unbalanced power and ψ denotes the 
angle of the unbalanced admittance A. Thus, a varying 
component is present in the instantaneous active power 
because of the load imbalance. 

 

Fig.8(a) Unbalanced load and symmetrical supply voltage 
       and (b ) balanced load with asymmetrical supply voltage 

 Now, let us calculate the instantaneous active power of 
a balanced resistive load, shown in Fig. 8(b), at asymmetri-
cal supply voltage. It is equal to 

T T p n T p n

pT p nT n pT n nT p

(20)        = = [ ] [ ] =

                   = [ ] [ ].

p G G

G G

= + +

+ + +

u i u u u u u u
u u u u u u u u

 

The first term of this expression is the sum of the active 
powers of the positive and negative sequence components, 
namely 

pT p nT n p n(21)                  [ ]G P P P+ = + =u u u u 
 
The second term of eqn. (20) can be rearranged as follows 

R R S S T T

R R S S T T

R R S S T

pT n nT p p n p n p n

n p n p n p

p n p n p

(22)        ( ) = ( )

                                                 + ( ) =

                                                 = 2 (

G G u u u u u u

G u u u u u u

G u u u u u

+ + + +

+ +

+ +

u u u u

T
n

p n
1 1

0 0
1 1

0 0
1 1

) =

                        = 4 [cos cos

                                          + cos( 120 ) cos( 120 )

                                          + cos( 120 ) cos( 120 )]

  

u

GU U t t

t t

t t

ω ω

ω ω

ω ω

× +

− × + +

+ × − =
p n

1                      = 6 cos2 . GU U tω

 

Consequently,  
p n

1(23)                       6 cos2p P GU U tω= + . 

Thus, the structure of the formulae for the instantaneous 
active power p of a balanced load at asymmetrical supply 
voltage is identical to formulae (19) for the instantaneous 
power of unbalanced loads. Loads shown in Fig. 8 cannot 
be distinguished in terms of the IRP p-q Theory. This is its 
major deficiency as the power theory. 

The varying component of the instantaneous active 
power p occurs as an effect of the load imbalance, which is 
the load property, or an effect of the supply voltage asym-
metry, which is not the load property. Thus, the IRP p-q 
Theory used for the control of a shunt compensator for load 
balancing in the presence of supply voltage asymmetry 
does not provide [10] information on the compensated load.  

The above analysis demonstrates that the IRP p-q 
Theory - based control algorithm in three-wire systems with 
asymmetrical and nonsinusoidal supply voltage is not an 
alternative for compensation aimed at reduction of the 
supply current to its active component in Fryze’s or CPC 
meaning or to the working current.  
Working current as a goal of compensation 
in three-wire systems  
 Compensation of the supply current in three-wire sys-
tems to its active component ia means reduction the current 
three-phase rms value ||i || to its minimum, which is necessa-
ry if at voltage u the load has the active power P. Energy 
loss at delivery reaches its minimum, but the supply cur-
rents after compensation remains nonsinusoidal and asym-
metrical.  
 Similarly as in single-phase systems, the process of 
compensation in the presence of source impedance is a 
recursive process, which converges to the active current as 
defined in the CPC power theory:  

(24)                           iaD(t) = GeD uD(t), 

where uD is the supply voltage composed of harmonics for 
which the harmonic active power Pn is non-negative, and  

(25)                           D
eD 2

D|| ||
PG

u
 . 

The symbol PD denotes the sum of harmonic active powers 
of a positive value.  
 The working component iw of the load current i is the 
active component of the positive sequence of the load cur-
rent fundamental harmonic. It is in-phase with the positive 
sequence voltage u1p of the supply voltage fundamental 
harmonic u1, referred to as the working voltage uw, namely,  

(26)               p p
w w w wa1 1( ) ( ) ( ) ( )t t G t G t=i i u u  , 

where 

(27)                   
p

1pw
w 12 p 2

w 1
 

|| || || ||

PPG G=
u u

  . 

Symbol P1p in this formula denotes the active power of the 
positive sequence component of the load voltage and 
current.  
 The detrimental current is the remaining part of the 
load current 
(28)                            d w( ) ( ) ( )t t t−i i i . 

 When the distribution voltage is asymmetrical and con-
tains harmonics, the vector of this voltage can be presented 
as the sum of the vector of the fundamental harmonic of the 
positive and negative sequence and the vector of the vol-
tage harmonics, namely 

p n
1 h1= + +e e e e . 

All these voltage components affect the load current, which 
can be expressed in the form 

p n
w 1 h w d1r(29)                      + + = + +i i i i i i i . 

 At the beginning of the compensation process the com-
pensator current is equal to the negative value of the detri-
mental current, 

p n
d 1 h1r(30)                            ( )= − = − + +j i i i i . 
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 Compensation of the detrimental component modifies 
the supply current to a sinusoidal and symmetrical one, 
needed for supplying the load with the working power. 
Compensation of the reactive current i1rp modifies the load 
voltage positive sequence component to the working com-
ponent uw0.  
 The active power of a lossless compensator at sinusoid- 
dal and symmetrical supply voltage is zero, because com-
pensator current is orthogonal to such a voltage. However, 
when this voltage is nonsinusoidal and asymmetrical the 
compensator active power after the first step of the com-
pensation process is  

pn n
w0 1 h 1 h1r

n n
1 1 h h

(31)              ( ,  ) = ( + + , ) =

                                = ( , ) ( , ),

− − −

− −

u j u e e i i i

e i e i
 

meaning it is not equal to zero. Thus, energy stored in the 
capacitor C and its voltage UC decline. To keep this voltage 
constant, some amount of energy has to be delivered to the 
compensator at the fundamental frequency, which increase-
es the working current. The change of the working current 
affects the working voltage, thus compensation is a recur-
sive process which ends when 

n n
w w 1 1 h h(32)                ( , )  ( , )  ( , ) = 0∆ − −u i e i e i , 

as it is shown in Fig. 9.  

 
Fig. 9. Compensator of detrimental current 

 Eqn. (32) means that a compensator converts the active 
power of the negative sequence component of the voltage 
and current fundamental harmonic 

n n n
1 1 1(33)                                  ( , )P = e i , 

and the active power of all higher order harmonics 

h h h(34)                                  ( , )P = e i , 

into a working power  

w w w(35)                             =  ( , )P∆ ∆u i ,  
such that 

n
w 1 h(36)                               =P P P∆ + . 

This conversion is illustrated in the active power diagram 
shown in Fig. 10.  

 

Fig. 10. Active power diagram 

 The rms value of the of the working current ||iw|| is, of 
course, higher then the rms value of the active current ||ia||  
and consequently, the energy supplier with a compensator 
which reduces the supply current to its working component 
will experience higher energy loss at delivery as compared 
to that with a compensator that reduces the current to its 
active component. This could be regarded, however, as a 
sort of penalty for supplying customers with nonsinusoidal 
and/or asymmetrical voltage. Thus, an economic incentive 
can be created for improving the supply quality with respect 
to supply voltage symmetry and its harmonics. 

Conclusions 
 Electrical systems are compensated for economic pur-
poses. In systems with nonsinusoidal voltages and currents 
it is not easy to express the goals of compensation in eco-
nomic terms, however. Compensation is specified rather as 
reduction of some harmful quantities, but there is some 
level of ambiguity with respect to compensation goals, es-
pecially that compensation is a recursive process. In parti-
cular, the supply current compensation to the active current 
in Fryze’s sense results in the active current as defined in 
the CPC-power theory. At the same time, the instantaneous 
reactive power p-q theory, in the presence of the supply 
voltage harmonics and asymmetry, does not specify goals 
of compensation, because it does not identify power proper-
ties of electrical loads. Expectations that the power theory 
identifies load properties in the presence of the supply vol-
tage harmonics and asymmetry is particularly crucial for 
micro-grids, which could be weak systems with power elec-
tronics converters both on the supply and the customer side 
with a high share of single-phase harmonics generating 
loads. 
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