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Abstract—A nonlinear or periodically time-variant load sometimes
has to be considered not as the receiver, but as the source of energy,
at least for some harmonic frequencies. This can be explained in terms
of its equivalent circuit, usually composed of passive elements and har-
monic sources which make the power phenomena in such a circuit much
more complex than in a linear circuit. The necessity of comprehension
of these phenomena stems from the fact that they determine the effi-
ciency of the power transmission and the possibility of power factor
improvement. They also affect the energy accounts. A method is sug-
gested for the apparent power decomposition into components related
to current components of distinctively different physical interpreta-
tion. A digital analyzer for measuring these powers is also described.

I. INTRODUCTION

UE TO a rapid progress in power electronics, more

and more energy is transmitted now at nonsinusoidal
voltage and current. It is quite obvious, however, that the
instrumentation for controlling the flow of energy in such
situations, due to a natural lag, remains almost the same
as it is used for sinusoidal waveforms. There is a number
of reasons for such a state of affairs. The border between
sinusoidal and nonsinusoidal systems is vague; there is
still a confusion [1], [2] on a theoretical level as to power
properties of systems in the presence of harmonics, so, in
the lack of clear theoretical justification, the efforts de-
voted for research on a new instrumentation are limited.
Moreover, with a lack of evident economic reasons, the
industry prefers to keep on using traditional instrumenta-
tion. This, however, does not provide information as to
power properties of systems in a real nonsinusoidal situ-
ation, which requires the measurement of additional
quantities, but only in a hypothetical, sinusoidal situa-
tion. Even these are burdened, however, with errors not
known in the true sinusoidal situation. As a consequence
of the lack of the proper instrumentation, even the re-
search on the energy flow and verification of theoretical
results are substantially limited. This, of course, affects
both the efficiency optimization and the energy accounts.
What perhaps is the most important is that there is the lack
of economically bolstered incentives for reduction of har-
monic ‘‘pollution’” in the electrical ‘‘environment.’’
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Considering the present state of the measurement tech-
nology and its ever growing possibility, the main reason
for the lack of power instrumentation for nonsinusoidal
systems should not be seen as a technological nature. An
essential disaccord as to the definition of power funda-
mental terms could be blamed as a main factor for it.

The intricacy of the power phenomena and a lasting
confusion about power properties of nonsinusoidal cir-
cuits is the cause of this disaccord. It seems, therefore,
that just comprehension of the physical phenomena that
determine the energy flow in nonsinusoidal circuits is one
of the main factors that condition the progress both in in-
strumentation and in research on nonsinusoidal systems.
Such an interpretation for circuits with a nonsinosoidal
voltage source applied to linear loads (Fig. 1) is provided
in [3]. It is based on the current decomposition into the
active i,, scattered /,, and reactive 7, orthogonal currents,
in a very plain physical interpretation. It requires that the
complex rms values U, and the load admittance Y, for
harmonic frequencies be known.

The terminals where the energy flow is observed often
have to be considered, however, as the junction of two
wholly unknown subsystems, (Fig. 2) where the active
power can be transmitted in either direction, where this
direction may change with harmonic frequency. Any
power system with nonlinear loads or loads with period-
ically switched devices which are the sources of harmonic
currents can be considered as just such a system.

The energy flow in such a system is much more com-
plex, however, than in linear systems, so, the current de-
composition, its physical interpretation, and the power
equation suggested in [3] cannot be applied to it directly.
The following examples illustrate some interpretational
questions that occur in such circuits.

A. Example 1

In the circuit shown in Fig. 3, the voltage and the cur-
rent at terminals x-x are equal to

V2(20 sin w,r — 40 sin 2w,7) A
V2(80 sin w,r + 40 sin 2w,1) V
hence, they have the rms values of

[i]| =44.72A and |u| = 89.44V

i

I

u
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e=100V2sinot V. X

250¥2sin20,t A
Fig. 3. Example of the circuit with § # 0, and P = 0.

so that, the apparent power § measured at these terminals
is equal to

S £ |ul|li| = 4000 VA.

There is not, however, any active power at terminals x-x,
since

>

1 1
P —S ui dt = 0.
0

T

Thus in terms of what kind of power can the difference
between these two powers S and P be explained for this
resistive circuit?

B. Example 2

In the circuit shown in Fig. 4, the voltage and the cur-
rent at terminals x-x are equal to

i = 2(25 sin w;r + 15 cos w;7) A

V2(75 sin wt — 15 cos w,1) V

and they have the complex rms values

u

I=15—j25 =29.15exp { —j59.03°} A
U=15-j75 = 76.48 exp { —j101.31°} V.

The complex apparent power is equal to
S & UI* = 2230 exp { —j42.27°} VA.

Thus despite the lack of reactance elements in the circuit,
there is a reactive power:

Q £1Im {S} = —1500 VAr

at terminals x-x. Elements that store energy in electric or
magnetic fields are not necessary in circuits to have a re-
ciprocating flow of energy, which results in a nonzero re-
active power Q.
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e=100v2sinco,t V x j=V220coseot A

Fig. 4. Example of resistive circuit with nonzero reactive power.

II. OrTHOGONAL DECOMPOSITION OF THE CURRENT

Let us consider a single-phase network shown in Fig.
2, composed of two subnetworks, A and B, of a structure
that is not known. We assume that only terminals x-x are
accessible for the voltage and current measurement. If
voltage and current are periodic quantities of period 7,
then, they can be expressed with the Fourier series of the
form:

=
1l

U, + V2 Re ZI U, exp { jnyt} & Zmu,, (1)
n= ne

~

I, + V2 Re Zl I, exp { jnw 1} & Z}ni,, (2)
n= RE

where 91 denotes the set of harmonic orders n, along with
n = 0, of voltage and current harmonics with nonzero
complex rms values:

U, & U,exp { ja,} and I, 2 I,exp {jB,}. (3)

The complex apparent power S, of the nth-order harmonic
at terminals x-x is equal to

S, £ UIf &P, +j0. (4)

P, is the active power transmitted from subnetwork B to
A at frequency nw, and Q, is the reactive power of the
nth-order harmonic, i.e., the generalized (positive or neg-
ative) amplitude of the reciprocating component of the in-
stantaneous power p, £ y,i,. When the active power P,
is not negative, i.e., Re {S,} = 0, then we can assume
that subnetwork B is the source of energy for the nth-order
harmonic and subnetwork A absorbs it as a passive load.
Though the structure of subnetwork A4 is not known and
it may contain the harmonic sources of frequency nw,, the
network is equivalent as to power S, at terminals x-x, to
the network with subnetwork A replaced by a passive ele-
ment (Fig. 5) of admittance Y, 4 equal to

YnA é S:‘/U% é GnA + jBnA' (5)

Subnetwork B can be assumed to be a one-port of Norton
structure, composed of a current source j,g and an admit-
tance Y, 5, though, neither j,z nor Y, 5 are known.
Let 91, denote the set of harmonic orders n for which
P, = 0 and then denote
e 2w, & X i, P&

ned4 nedly

2 P, (6)
nedla
When P, < 0, we assume that subnetwork A is the source
of energy for frequency nw, and subnetwork B absorbs it
as a passive load. The original network in terms of power
S, at the terminals considered is equivalent to the network
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Fig. 5. Equivalent network for P, = 0.

in X
p ot
Ye= Gra*jB Q
X

Fig. 6. Equivalent network for P, < 0.

with subnetwork B replaced (Fig. 6) by a passive element
of admittance Y, 3 equal to

YnB = _S:‘/Ug = GnB + jBnB' (7)

Subnetwork A can be assumed to be a one-port of Nor-
ton structure, composed of a source of current j,, and an
admittance Y, 4, though neither j, 4 nor Y, , are known.

Let 91y be the set of orders n for which P, < 0 and:

-2 Uy igE X iy PpE -2 P,

nedp nedlp neMep

(8)
In this way set 9 is decomposed into two separable sets
I, and Iy of harmonic orders n, i.e., M, U Tz = N
and 91, N 9z = 0, for which the active power is trans-
mitted to subnetwork 4 and to subnetwork B, respec-
tively. This allows the following decomposition of the
terminal quantities i, u, P:

P2 X i, = X i+ 2 i, =i+ ip (9)
nedl neda nedlp

ul 2w, = 2 ou,+ 2 ou, =u,—ug  (10)
ned neda nedp

PL 2P = 2P+ 2 P, =P,—Pg. (11)
nedt nedla neMp

The network considered is equivalent, relative to the

power at terminals x-x to a ‘‘semi-identified’’ network
shown in Fig. 7, such that
jll - 0
forn e 9, i N R (12)
YnA = S:T/Un
jnB =0
for n € Np: 13)
’ {Y,.B L -83/U (

but the remaining network parameters are not known.

Sets 9, and Iy are separable, thus currents i, and ip
do not contain harmonics of the same order n, so they are
mutually orthogonal, i.e., their scalar product (i4, ig)
defined as

1>

(14)

1 T
(i) & 2 i
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u‘,—uE
a R /
A

Fig. 7. Semi-identified equivalent network.

JnBC

is equal to zero. Hence, the current’s rms value || /|| at the
terminals x-x can be expressed as

AT (15)
where
lil =V 2 5 il =V Z 5 6

The same holds true, of course, for voltages u, and ug,
thus

(17)

Jufl® = Jual®
where

lus =~ 2 Ul

neda

lusl =~ 2 U5

nedly

(18)

For voltage and current harmonics of order n from set 9T,
the subnetwork A can be replaced by a passive load, thus
according to [3], its current i, can be decomposed into the

active, scattered, and reactive currents, i, i, Ir4s
namely:
Qg = Qg + g + ipa (19)
If
Got & P/ uyll? (20)

denotes the equivalent conductance of subnetwork A,
then, these currents are defined as

laa = G, quy (21)
i.\A E \/5 Re z‘)zl (GnA - G(’A)UHA eXp {jnwl[}- (22)
nedtg
If set 91, contains n = 0, then the term (Goy — G.q) Upy
should be added separately:
2 V2 Re Z ]B”A U, exp { jnwit}.  (23)
HE
All these currents are mutually orthogonal, i.e.,
(iaA’ sA) - O (ism irA) = 0’ (ium irA) =0 (24)
therefore, their rms values fulfill relation
2 o2 .2 .
= [liaal” + lial” + i (25)
where
H laa H = G4 “"A “ (26)
lial =V 2 (G- GUL ()
lilA” =N Z BnAUnA (28)
neda
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The physical interpretation of these currents is the same
as that presented in [3]. The active current i,, is the only
current component that is indispensable for active power
P, transmission. The remaining currents are useless and
according to (26) they increase the current i, rms value.

The scattered current i, occurs when the conductance
G, = P,,A/Uf, changes with harmonic order, i.e., when
the ability of harmonics for active power transmission
varies with frequency.

The reactive current i,, occurs when, for any harmonic
component of order n € 94, there is a reciprocating flow
of energy at terminals x-x, i.e., when there is the har-
monic reactive power @, = —B,4 U? at these terminals.

Everything that has been stated for subnetwork 4 and
harmonic order n € 91, holds true, of course, for subnet-
work B and n € 9. Its current iz can be decomposed as
follows:

iB = iaB + iSB + irB' (29)
If
G & PB/” uBHZ

is the equivalent conductance of subnetwork B, then

(30)

Iap = Gepup (31)
iw £ V2Re 3 (G = Gug) Up exp {jnent}.  (32)
If 91y contains n = 0, then the term (Gyg — G,3) Ups
should be added separately:

i 2 V2 Re "E%BjB,,BU,,B exp { jnwit}.  (33)

All these currents are mutually orthogonal, therefore, their
rms values fulfill relation

Nisl = Vias* + Nissl” + lios]’ (34)
where
lias|| = Ges | us|| (35)
lis| =V Z (G — GaYUL  (36)
nedg
”er|| =~ Z B?,BUig (37)
nedlg

The physical interpretation of these currents is similar to
that for subnetwork 4. The active current i,p is the only
current component that is indispensable for active power
Pp transmission. The remaining currents are useless and
they increase the current iz rms value.

The scattered current i,z occurs when the conductance
Gup =P/ Uﬁ.changes with harmonic order n, i.e., when
the ability of the harmonics to cause active power trans-
mission to subnetwork B varies with frequency.

The reactive current i,z occurs when, for any harmonic
component of order n € I, there is a reciprocating flow
of energy at terminals x-x, i.e., when there is a harmonic
reactive power Q, = —B,p U,z, at these terminals.
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Thus the current at terminals x-x can be considered as
the sum of six components

i = (iuA + isA + irA) + (iaB + i:B + irB) (38)

of different physical interpretation and mutual orthogo-
nality, hence:

1il® = Diaal® + [isal® + Jinall® + il
+ Nig]” + i (39)

This relation is visualized as a polygon, shown in Fig. 8,
built of five right-angled triangles with the length of the
sides proportional to the rms value of the particular cur-
rents. It is important that this decomposition is obtained
without any approximations or limits as to harmonic dis-
tortion level. It is valid even for a very high harmonic
content. The decomposition presented above is illustrated
in the example of the current decomposition in a network
having known structure and parameters. This allows the
verification of the results obtained with a circuit analysis
program.

A. Example 3

Let us consider the circuit shown in Fig. 9, with a

source of distorted voltage and w, = 157"

e = v2(100 cos w,;t + 50 cos 3w, + 10 sin 4w,7) V
and the source of distorted current:
j = ~2(50 cos 2wt + 10 sin 3w,z + 30 cos 4w,1) A.

A circuit analysis results in the following complex rms
values of the voltage and the current at the x-x terminals

I, =373 exp {—j27°} A
U =83exp{—jO°}V

L =41.7exp {—jO°} A
U, = 23.6 exp { —jI135°} V
I, = 19.1exp { —j70°} A

U, = 36.8 exp { —j5°} V
I, =233exp {—j2°} A

U, = 30.0 exp { —j109°} V

and hence, [[ill = 63.5 A, |lul = 98.8 V.
The complex apparent powers S, £ U,I¥ are equal to

S, = 2778 W + j1389 VAr
S, = 175 W + j679 VAr
—694 W — j694 VAr

S,
S, = —210 W — j669 VAr

thus M, = {1; 3}, 9 = {2; 4}; so we can decompose
the active power P into P,, Pz components with values

P, =904W P, =2953W.
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Lil

Fig. 9. Example of the circuit.

The rms values of the voltage and current components i,
ip, and u,, ug, calculated with (16) and (18) are equal to
il = 47.8 A, |is] =41.9A,

|us|| =382V, |u =911V,

so, that the equivalent conductances of the subnetworks
are

Gp=0620S G, =0.3568.

The equivalent admittances of both subnetworks for har-
monics are equal to

Ysz = (1.250 — j1.250) S, ¥,, = (0.400 — j0.200) S,
Y.z = (0.233 — j0.741) S, Y, = (0.129 — j0.501) S,

and the rms values of particular currents can be calcu-
lated. For the active current with (26) and (35) we obtain

lisll =23.7A  Jian| = 32.4 A
For the scattered current with (27) and (36):

lig] = 189A  |i4] =914
and for the reactive current, (28) and (37) result in
lie] =369A i =249 A.

It is easy to check that indeed the rms values of particular
components fulfill (39). )

III. COMPONENTS OF THE APPARENT POWER

The apparent power, i.e., the formal product of the
voltage and current rms values, S £ il Null, has two
interpretations. When it is used for rating equipment, the
rms maximum values of the voltage and current are con-
sidered. It is also used for calculating the actual loading
of the source with the actual rms values of the voltage and
current. In this paper the apparent power is used in this
last meaning, i.e., it is the product of actual rms values
of the voltage and current in the cross section considered.
Since usually only a part of the apparent power S is related

to the source loading with the active power P, the re-
maining part, related to the useless loading, is the subject
of a great interest for theoretical, technical, and economic
reasons. In systems with sinusoidal waveforms all these
equations are solved in terms of reactive power Q. For
nonsinusoidal systems, however, a similar quantity has
not been found. The complexity of the power phenomena
requires instead that a few different quantities be used.
Even for linear loads, apart from the active power, two
additional powers are required [3]. Similarly for the ap-
parent power S, they are only formal products of the rms
values of the voltage and current components, and their
meaning and interpretation can only be explained in terms
of these current components, that is, as an additional
loading of the source caused by these currents. When the
active power is transmitted in both directions, the situa-
tion becomes even more complex, however. With the de-
composition suggested, the square of the terminal appar-
ent power S can be expressed as

$ £ [Pl = (ialF + sl el 5+

(40)
with
3= Naal ul = Fial CQludl™ + sl
2 83, + Sha (41)
5 A e 022 12 2 2
S5 = Jis|Muel™ = Nial (uall” + flusl)
L 83 + Sk (42)

Terms S, and Sy are apparent powers of subnetworks A
and B considered as sourceless loads, and they can be de-
composed [3] into the active, scattered, and reactive pow-
ers, as follows

34 & il ual” = P3+ DL+ @ (43)

Sip 2 |isus” = P3 + DX + Q% (44)
where

Dy & [liall uall, Qra = [[ivall [ual] (45)

Dy = il [usll. Qs = [is] llusll-  (46)

The terms Sgs 2 |ugll iy is the apparent power of a
voltage source of voltage up with the forced current i,
(Fig. 10(a)). Since this current does not contain any har-
monics of the same order as the voltage ug, the active,
reactive, and the scattered powers are not associated with
this current. Nonetheless, the source has to have a suffi-
cient rating for such a current at this voltage. This also
refers to the term S, = |l uyll ligll, (Fig. 10(b)). Since
the presence of components i,, ig in the current forces an
additional apparent power, different from the P, D;, Q,,
at the terminals observed, so that, the square of the total
apparent power S increases by the value

SZ 2 8% + Siy (47)
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Fig. 10. (a) A source of voltage uy with the forced current i,. (b) A source
of voltage u, with the forced current ip.

Fig. 11. Power diagram.

therefore, Sy could be called a “‘forced’’ apparent power,
and the terminal apparent power S can be expressed as

§? = 8%, + Sz + S%. (48)

Some relations between all these powers are visualized in
the power diagram shown in Fig. 11. For the circuit ana-
lyzed in example 3 we obtain

Dy =T720VA, D, =831VA, P=2M49W
0,5 = 1411 VAr, Q,, = 2265 VAr, S = 4635 VA
Ses = 1824 VA, S,, = 3813 VA, S = 6274 VA.

IV. POWER ANALYZER

The decomposition suggested is applied as the algo-
rithm for a digital power analyzer. It is composed of a
two-channel, 12-bit A/D conversion board built around a
Z80 microprocessor, a sampling generator that is syn-
chronized with the sampled waveforms u(#), i(¢), and a
personal microcomputer.

In the waveform period T the conversion board con-
nected at the terminals x-x provides 64 voltage samples,
interlaced with 64 current samples, to the microcomputer.
Since the sampling rate is synchronized with the sampled
frequency of period 7, the voltage samples u, at points 7,
are uniformly spaced in time by 7 = T/64. The current
samples i, are shifted with respect to the voltage samples
u, by 7/2. The samples, arranged in pairs { u;, i, ) are
processed with a 64-points FFT algorithm. This results in
the complex rms values of 32 voltage harmonics, U,.
Since the current samples are delayed by 7/2, which is
equivalent to sampling of the shifted current i(z + 7/2)
at points 1, the FFT procedure does not result in I, val-
ues, but in I, exp { jnw,7/2}. Since w,7/2 = 7 /64, the
phase angles of the current harmonics can be corrected
after the FFT procedure is completed.

When the values U, I, are known, then, the complex
apparent powers S, = U, I are calculated and with the
aid of the sign of their real part, Re {S,} = P,, sets I,
91, are identified, and admittances Y,, = S} /U2 and Y,
= —8§¥/U} are calculated. For sets 91,, 9y the values
of Py, Py, luyll, llug|l are calculated from (6), (8), and
(18). This enables both the equivalent conductances G,
£ P./lluyl* and G, & Pg/llugll’ to be found and the
rms values of the current orthogonal components | i1l
Wisall, sl and lliggl, llicg 1, gl to be calculated with
(26)-(28) and (35)-(37). Analysis is terminated with the
calculation of the powers D4, Q,4, Dp, Q,5, Sr accord-
ing to (45)-(47).

For the FFT and the power analysis procedure written
in Borland Pascal 4.0, executed on a 12-MHz IBM/AT
the power analysis is completed in 0.3 s.

>

V. CONCLUSIONS

The decomposition suggested provides the basis for the
physical interpretation of power phenomena in circuits
with nonsinusoidal waveforms with any distribution of
harmonic sources. Furthermore, it enables the identifica-
tion of the power properties of the system at the specified
terminals if only the instantaneous values of the voltage
and current at these terminals are accessible for the mea-
surement.
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