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 Abstract − Unbalanced power of three-phase stationary linear 
loads with neutral conductor, supplied with sinusoidal symmetrical 
voltages and its reactive compensation is the subject of the paper. A 
novel power equation of such loads is developed. The suggested 
power equation is based on decomposition of the load current into 
Current Physical Components (CPC). The paper shows that all 
powers can be expressed in terms of the load parameters and this 
creates fundamentals for design of balancing reactive compensators 
capable of improving the power factor to unity. A reactive balan-
cing compensator is composed, in general, of two compensators in ∆ 
and Y configuration. The paper presents a method of calculation of 
LC parameters of such a compensator using the CPC – based 
power theory. 
 
 Index terms − Power definitions, power theory, Currents’ 
Physical Components, CPC. 

I.    INTRODUCTION 

 Loads in residential grids and in commercial buildings are 
mainly single-phase loads supplied from a three-phase transfor-
mer in ∆/Y configuration, as shown in Fig. 1, with a grounded 
neutral conductor.  

 
Fig. 1. Stationary single-phase loads supplied from three-phase line with neutral. 

Some level of imbalance is a common property of such loads. 
This imbalance could be particularly visible in traction grids. 
Such loads are generally nonlinear and time-invariant, thus 
generating harmonics, but can be regarded at the lowest level of 
approximation as stationary linear, time-invariant (LTI) loads. 
Although powers in three-phase systems with nonsinusoidal 
voltages and currents are the subject of continuous concern and 
studies [1-6], there is still substantial confusion on powers in 
systems with unbalanced loads even if voltages and currents are 
sinusoidal and the supply voltages are symmetrical. Therefore, 
the subject of this paper is confined just to such a situation, 
meaning to powers and reactive compensation in four-wire linear 
systems with sinusoidal and symmetrical supply voltage. 

The load imbalance causes the load current asymmetry, thus 
apart from the current symmetrical component of the positive 
sequence, the load current may contain also components of the 
zero and the negative sequence. It causes an increase in energy 
loss on both sides of the transformer, which may require an 
increase of its power rating [7].  
--------------------------------------------- 

 
 
 
 

Compensation of the zero sequence component of the load 
current can be done only by a compensator installed on the 
transformer secondary side. This can be accompanied with com-
pensation of the negative sequence component of the secondary 
current, meaning with load balancing. This enables reduction of 
energy loss and required power rating of the transformer. 
Compensation of the load imbalance is usually combined with 
the reactive power compensation. 
 Compensators can be built as PWM-based switching com-
pensators (SC), known as ‘active power filters’, or ‘power condi-
tioners’, as reactive compensators (RC), or as hybrid devices, 
composed of both of them.  
 There is a huge selection of literature on switching com-
pensators and on control of these devices using various appro-
aches to power theory, to mention only a few of them [8-12]. 
Much less was published on reactive compensators, in particular, 
on reactive balancing compensators.  

High power transistors, digital data acquisition and digital 
signal processing (DSP) systems, developed mainly in the last 
two decades, are needed for SCs construction. Components of 
RCs, meaning inductors and capacitors, belong to the same class 
of circuit elements from which stationary three-phase systems, as 
that shown in Fig. 1, are built. The technology needed for 
reactive compensators construction has been available incom-
parably longer than that needed for SCs. In spite of that, the state 
of the development of reactive compensator technology is 
lagging behind the technology of switching compensators.  
 Switching compensators have a number of advantages over 
reactive compensators. The most important is the fact that they 
can be easily operated as adaptive devices, while this is not so 
easy in the case of reactive compensators. On the other side, 
power constraints for reactive compensators are not as tough as 
that for switching compensators. A lag in the development of the 
power theory of three-phase systems can be blamed for a lag in 
the development of the reactive compensators technology.  
 Control of SCs does not require any advanced knowledge 
of power properties of three-phase systems. It is enough to gene-
rate a reference signal proportional to an undesirable component 
of the load current. In the case of RCs design it has to be known 
how compensated currents depend on the circuit parameters.  
 Although in 1920 Lyon concluded [14] that the load imba-
lance reduces the power factor, quantitative effects of the load 
imbalance upon the apparent power were not known for a long 
time. Substantial confusion on how the apparent power S for 
three-phase systems should be defined was the main reason for 
that. Two options of definitions were suggested in [15] and 
discussed in [17], namely 

S = SA = URIR + USIS + UTIT                                  (1) 

referred to as arithmetical apparent power and  
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referred to as geometrical apparent power.  



Buchholz in [16] suggested a different definition, namely  

B R S T R S T
2 2 2 2 2 2

 = + + + +S S U U U I I I= .                   (3) 

At symmetrical voltages and currents these three defini-
tions are numerically equivalent. When the load is unbalanced 
and consequently, the supply currents are asymmetrical, these 
three definitions provide different values of the apparent power 
and hence, different values of the power factor, λ = P/S.  

The energy loss in a source that supplies unbalanced load 
and its power factor were studied in [18]. It was found that with 
respect to loss of energy at its delivery, the power factor λ had a 
right value only if the apparent power S was calculated according 
to the Buchholz definition (3).  

The idea of reactive compensation is very old; the first balan-
cing compensator was developed by Steinmetz and presented 
[13] in 1917. Research on reactive compensation was continued 
with results reported in several papers, such as [19−29].  

There are a number of different approaches to reactive balan-
cing compensator design. It could be based, as in the case of 
Steinmetz [13], on searching for a circuit that would eliminate 
the oscillating component of the instantaneous power or by com-
pensation of the negative and zero sequence symmetrical compo-
nents of the load current. Even optimization methods, which do 
not require very detailed knowledge of power properties of elec-
trical systems, can be used for that purpose.  

The concept of the “unbalanced power” was not used in 
references cited above. As to the authors’ best knowledge, the 
unbalanced power occurred in a power equation for the first time 
in 1988 in paper [30] on powers in systems with nonsinusoidal 
supply voltage. Studies in that paper were confined only to three-
phase, three-wire systems, however.  

At the assumption that the supply voltage is symmetrical and 
sinusoidal, powers in such a system have to satisfy the power 
equation: 

2 2 2 2
uS P Q D= + +                                   (4) 

where Du denotes the unbalanced power, defined as 
2

u = || ||D A u .                                     (5) 

Symbol A denotes the magnitude of the unbalanced admittance 
of the load, which is specified in terms of equivalent line-to-line 
admittances of the load as follows 

2 /3
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and ||u|| denotes a three-phase rms value of the supply voltage, 
which for sinusoidal voltages is equal to 

R S T
2 2 2|| || = + +U U Uu .                                (7) 

The line voltage rms values in the last formula should be measu-
red with respect to an artificial zero. Unfortunately, an equiva-
lent power equation for three-phase, four-wire systems has not 
yet been developed.  

A power equation with an unbalanced power was also 
introduced in 2000 by IEEE Standard 1459 [32, 33]. This equa-
tion for sinusoidal supply voltage has the form 

2 2 2 2
e US P Q S+ += + +                                  (8) 

where Se = S, and P+ and Q+ are the active and reactive powers 
of the positive sequence symmetrical component of the supply 
voltages and currents. When the supply voltage is sinusoidal and 
symmetrical, then P+ = P, Q+ = Q, and there is no difference 
between unbalanced powers in (5) and (8). Otherwise, these are 
two different power quantities. 

 Equation (8) does not provide fundamentals for design of 
reactive compensators, however. The unbalanced power SU has 
occurred in this equation as a consequence of the observation 
that in unbalanced systems 

2 2 2
eP Q S+ ++ ≤                                    (9) 

and this has led to the definition of the unbalanced power SU as a 
sort of complementary power, defined in Section 3.2.2.11 of [33] 
as 

2 2 2
U e ( )S S P Q+ += − +                              (10) 

It is not expressed in terms of the circuit parameters, however. 
Consequently, parameters of a reactive compensator cannot be 
found having only this power value. To find them it has to be 
known how the unbalanced power depends on the circuit para-
meters. As demonstrated in [31], the unbalanced power Du, 
defined by formula (5), provides fundamentals for reactive com-
pensator design, because it is expressed in terms of the circuit 
parameters. It is enough to replace the load admittances in for-
mula (6) by the compensator admittances. To apply this idea of 
design of reactive balancing compensators for four-wire systems, 
the power equation (4) and the unbalanced power definition have 
to be generalized for systems with a neutral conductor.  

II.    POWER EQUATION 

 This paper is confined to studies on powers and reactive 
compensation of linear, time-invariant (LTI) single-phase loads 
supplied from three-phase sources with zero internal impedance 
and sinusoidal and symmetrical voltage in four-wire systems. 
Loads can be connected to a neutral conductor or be supplied 
with line-to-line voltages as shown in Fig. 2. It is assumed more-
over that loads and supply lines are not mutually coupled and are 
of zero impedance.  

 
Fig. 2. Loads in four-wire system. 

Symbols u and i in Figs. 1 and 2 denote three-phase vec-
tors of line-to-neutral voltages and line currents, namely 

[ ] [ ]T T
df df

R S T R S T , , ,              , ,u u u i i i= =u i                   (11) 

and although these are vectors, they will be referred shortly as a 
voltage and a current. They can be expressed in terms of their 
complex rms (crms) values, known commonly as “phasors”:  

X X
df df
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arranged in vectors 

[ ] [ ]T T
df df
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namely,  

 2 Re{ }j te ω=u U ,          2 Re{ }j te ω=i I .          (13) 

Digital signal processing of the voltage and current samples is 
needed for presenting voltages and currents in such a form. 
 Any four-wire system as shown in Fig. 2, has an equivalent 
circuit, shown in Fig. 3,  



 
Fig. 3. Equivalent load of four-wire system. 

which at the same supply voltage u has the same supply currents 
i and consequently, the same active and reactive powers P and Q 
at the supply terminals. 

Line-to-neutral admittances of the equivalent circuit can be 
found by measurement of the active and reactive powers at the 
load terminals, as it is shown in Fig. 4. Having these values, line-
to-neutral admittances are equal to 

X X X
X X X 2 2

X X
X {R, S, T},      

* P jQG jB
U U
SY ∈

−
= + = = .      (14) 

 
Fig.4. Measurement of equivalent line-to-neutral admittances. 

 These admittances can also be calculated by measuring the 
crms values of the supply voltages and currents, 

X
X X X

X
G jB IY U= + = .                               (15) 

 When equivalent line-to-neutral admittances are known, 
then the vector of supply currents can be expressed as 
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where 
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denotes a unit three-phase vector of the positive sequence. Simi-
lar vectors, but of negative and zero sequence will be denoted by 
1 n and 1 z, respectively 

[ ] [ ]
df df

T Tn z1 ,        1 1 1 .   *α α= =1 1               (18) 

With respect to the effectiveness of energy delivery in 
three-phase systems, purely resistive balanced loads are the best 
loads. Thus, let us extract a current of such a load from the sup-
ply current. This would be the smallest current needed to supply 
the load with active power P. To extract such a current let us 
observe that with respect to active power P the load shown in 
Fig. 4 is equivalent to a balanced resistive load, shown in Fig. 5,  

 
Fig. 5. Resistive balanced load equivalent to the original load 

 respective its active power P. 

on the condition that the load conductance Ge is equal to 

e 2 2 2
R S T

PG
U U U

=
+ +

.                                    (19) 

The active power of the original unbalanced load in Fig. 4, at 
symmetrical supply, i.e., such that 

UR = US = UT = U,   thus    || || = 3Uu                    (20) 
is equal to 
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Consequently, the active power of the balanced resistive load in 
Fig. 4, with the load conductance  

e R S T
1 ( + + )3G G G G=                               (22) 

can be calculated as  
2

e || ||P G= u .                                    (23) 

Conductance Ge will be referred to as an equivalent conduc-
tance of a load supplied from a four-wire line. Such a resistive 
balanced load draws the current 

p
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referred to as an active current of loads in four-wire systems. It 
is defined similarly as in three-wire systems [28], only the equi-
valent conductance Ge is defined in a different way.  

The presence of the reactive power Q is not associated with 
the current asymmetry, but only with a phase-shift between the 
supply voltage and the load current. The supply source is loaded 
with only the reactive power and consequently, the reactive 
current, if a load is purely reactive and balanced. To extract the 
reactive current from the load current, let us observe that with 
respect to reactive power Q, the unbalanced load in Fig. 3 is 
equivalent to a balanced purely reactive load of susceptance Be 
shown in Fig. 6 

 
Fig. 6. Reactive balanced load equivalent to the original load 

 respective its reactive power Q. 

on the condition that the load susceptance Be is equal to 

e 2 2 2
R S T

QB
U U U

= −
+ +

.                               (25) 

The negative sign in this formula is a result of a convention that 
inductive loads, which have negative susceptance B, have posi-
tive reactive power Q. Reactive power Q of the original load is  
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where 
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will be referred to as the equivalent susceptance of loads sup-
plied from four-wire lines. Such a balanced reactive load draws a 
reactive current 

p
r e e e R= 2 Re{ }= 2 Re{ }.( )

j t j tdB jB e jB ed t Uω ω
ω=i u U 1   (28) 



The active and reactive currents are currents of balanced 
loads and consequently, they are symmetrical of the positive 
sequence, while the supply current can be asymmetrical. Asym-
metry of the supply current occurs due to the load imbalance. 
The asymmetrical component of the load current is equal to 

u a r= − −i i i i                                 (29) 

and it can be expressed in terms of the load equivalent parame-
ters as follows 
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As shown in Appendix A, the current iu, is in general an 
asymmetrical current, composed of symmetrical components of 
the negative and zero sequence,  

n z
u u u= +i i i                                   (31) 

such that  
n n n
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and 
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with  
dfz

R S T
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In such a way the current of an unbalanced load supplied from a 
four-wire line was decomposed into four components, namely 

n z
a r u u .= + + +i i i i i                            (36) 

According to eqn. (36) the supply current can be decom-
posed into components associated distinctively with specific 
phenomena in the circuit, namely, 
(i) The active current ia, associated with permanent flow of 

energy at the rate of active power P.  
(ii) The reactive current ir, associated with the phase-shift 

between the voltage and current and consequently, the 
presence of the reactive power Q.  

(iii) The unbalanced current of the negative sequence n
ui , 

associated with the load line-to-line imbalance. 
(iv) The unbalanced current of the zero sequence z

ui , asso-
ciated with the load line-to-neutral imbalance. 

Therefore, these four currents can be regarded as the Currents’ 
Physical Components (CPC) of the load current.  

The authors of the paper would like to strongly emphasize, 
however, that the adjective “physical” should not be interpreted 
as a suggestion that these currents exist physically. They are only 
mathematical entities, as observed in [37]. They are associated 
with distinctive physical phenomena in the circuit, however. 

The three-phase rms values of these currents are equal to 

a e|| || = || ||Gi u                                     (37) 

r e|| || = | | || ||Bi u                                    (38) 

n n
u|| || = || ||Ai u                                     (39) 

z z
u|| || = || ||.Ai u                                     (40) 

Scalar products, defined for three-phase vectors x (t) and y (t) as  

df
T

0
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of these four components, as shown in Appendix B, are equal to 
zero, which means that they are mutually orthogonal. Conse-
quently, their three-phase rms values satisfy the relationship 

2 2 2 n 2 z 2
a r u u|| || = || || + || || + || || + || || .i  i i i i                     (42) 

The relationship between three-phase value of these currents can 
be illustrated with a diagram shown in Fig. 7. 

 
Fig. 7. Diagram of three-phase rms values of CPC. 

 Observe however, that orthogonality of four currents can-
not be illustrated on a plane. This would be possible only in a 
four-dimensional space. Only two sides can be drawn on a plane 
as orthogonal. The sequence on the right side of eqn. (42) can be 
changed, however, and consequently, the shape of the diagram, 
with the same length of diagonal ||i||. The number of such diag-
rams is equal to the factorial of four, 4! = 24. To illustrate 
orthogonality of two selected quantities, they should be placed as 
the first terms of equation (36). 

Multiplying formula (42) by the square of load voltage 
three-phase rms value ||u||, the power equation is obtained 

2 2 2 n 2 z2
u uS P Q D D= + + +                            (43) 

with 
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dfn n n 2

u u || || || || = || ||D A= u i u                           (46) 
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 The power equation (43) is secondary to the current decom-
position (36) into physical components, however. While current 
physical components are associated with distinctive physical 
phenomena, apart from the active power, P, other powers are 
only some measures that indicate how distinctive phenomena 
contribute to the apparent power S increase above P value. All of 
them have an important feature: they are specified not only in 
terms of the voltage and currents rms values, but also in terms of 
equivalent parameters Ge, Be, An and Az of the load.  
 Power equation (43) contains two new power quantities, 

n
uD  and z

uD . They are associated with the presence of the nega-
tive and the zero sequence unbalanced components in the supply 
current. Therefore, they will be called negative sequence unba-
lanced power and zero sequence unbalanced power, respect-
tively. The power equation can be illustrated geometrically with 
a diagram shown in Fig. 8.  



 
Fig. 8. Diagram of powers of LTI load.  

The sequence of powers in power equation (43) could be 
different and consequently, the shape of the diagram. Similarly  
as it was with currents, there are 4! = 24 different diagrams of 
the load powers. 

Observe, that the crms value of the negative sequence com-
ponent n

ui  of the supply current in line S, according to formula 
(32) is  

n n n n
Su R S S( )* *I A U A U A Uα α α= = =                 (48) 

and in line T 
n n n n
Tu S T T( )*I A U A U A Uα α α= = = .                (49) 

Similarly, the crms value of the zero sequence component z
ui  of 

the current in line S, according to formula (34) is 

z z z z
Su R S S( )I A U A U A Uα α= = =                     (50) 

and in line T 
z z z z
Tu R T T( )* *I A U A U A Uα α= = = .                  (51) 

Therefore, formulae (24), (28), (32) and (34) specify current in a 
circuit, which can be drawn as shown in Fig. 9. It will be referred 
to as an equivalent circuit of LTI loads supplied from a three-
wire line with a neutral conductor. 

 
Fig. 9. Equivalent circuit of LTI load supplied from four-wire line 

with symmetrical sinusoidal voltage. 

Observe that the total unbalanced power Du of the load can 
be calculated from direct measurement of the active and reactive 
powers P and Q in the circuit shown in Fig. 4, and by calculating 
the apparent power S, as defined by Buchholz with formula (3), 
from rms values of the line currents and voltages measurements. 
Having these three powers, the total unbalanced power can be 
calculated, namely 

2 2 2
u ( )D S P Q= − + .                             (52) 

It cannot be decomposed, however, into the negative and the 
zero sequence unbalanced powers n z

u uandD D  without the know-
ledge of the rms value of the negative and zero sequence com-
ponents of the load currents. The knowledge of all these powers 
is not sufficient for designing a balancing compensator, accord-
ing to the method explained in Section IV, however. As it will be 
shown, unbalanced admittances An, Az and equivalent suscep-
tance Be of the load have to be known for that. 

Illustration 1. Let us calculate the active, reactive and both 
unbalanced powers for the unbalanced load shown in Fig. 10, 
assuming that UR = 120 V. 

 
Fig. 10. Example of unbalanced load. 

For such a load, the equivalent admittance is equal to 

e e e
1+ (0 50 0 87 2 0)  = 0.83 0 29 S.3G jB . j . . j .Y = = − + −

 
The negative sequence unbalanced admittance is 

O

O

n 120
R S T

120 1

1 1( ) = (0 5 0 87 1 0 5) =3 3

      = 0.33 S

j

.

* . j . e .

e

A Y Y Yα α −

−

= + + − + ×
 

while the zero sequence unbalanced admittance has the value 
O

O

z 120
R S T

101

1 1( ) = (0 5 0 87 1 0 5) =3 3

      = 0.88 S.

j

j

* . j . e .

e

A Y Y Yα α

−

= + + − + ×
 

Since  

                        R|| || = 3 3 120 207 8 VU .= × =u   

the particular powers are equal to 

2 2
e = || ||  0.83 (207.8) 36 0 kWP G .= × =u   

2 2
e = || || 0 29 (207.8) 12 5 kvarQ B . .− = × =u  

n n 2 2
u  = || ||  0.33 (207.8)  7.2 kVAD A = × =u  
z z 2 2
u  = || ||  = 0.88 (207.8) = 38.0 kVA.D A ×u  

III.    POWER FACTOR 

The power factor of LTI loads supplied with symmetrical 
sinusoidal voltage in three-phase systems with neutral conductor 
is equal to 

2 2 n 2 z2
u u

P P
S P Q D D

λ = =
+ + +

                     (53) 

thus, not only the reactive power Q, but also both unbalanced 
powers, n

uD  and z
uD  contribute to the load power factor degra-

dation. The power factor can be expressed not only in terms of 
powers, but also in terms of three-phase rms values of CPCs of 
the supply current, namely 

a a
2 2 n 2 z 2

a r u u

|| || || ||
|| || || || || || || || || ||

P .Sλ = = =
+ + +

i i
i i i i i

             (54) 

Particularly important is the possibility of expressing the 
power factor in terms of the load parameters, in particular, in 
terms of the equivalent conductance, Ge, susceptance, Be and the 
magnitude of unbalanced admittances An and Az  

a e
n 2 z22 2

e e

|| ||
|| ||

G .
G B A A

λ = =
+ + +

i
i                       (55) 



Thus, the power factor of loads supplied from a four-wire line 
declines from unity value because of non-zero equivalent suscep-
ance Be of the load, the negative sequence unbalanced admit-
tance An and the zero sequence unbalanced admittance Az. This 
last formula emphasizes the fact that the power factor depends 
only on the load properties, but not on voltages, currents or 
powers. It is defined in terms of the active and apparent powers, 
but eventually, only the load properties specify the power factor 
value. Also, in a case of reactive compensation, only a change by 
means of such a compensator of the parameters as seen by the 
supply makes the power factor improvement possible.  
 The power equation developed in this Section is valid at 
symmetrical sinusoidal voltage, which supplies an unbalanced, 
but linear, time-invariant load. Development of this equation will 
not terminate studies on this subject. New ideas will occur, as for 
example, discussed in paper [34]. Nonetheless, as presented in 
this paper the CPC approach seems to be very fruitful and opens 
a gate to studies on powers in three-phase systems in situations 
more complex than that considered in this paper. 

IV.    REACTIVE COMPENSATION 

A reactive compensator can be built, in general, of three 
inductors and/or capacitors connected between supply lines and 
the neutral conductor, meaning in Y structure or connected 
between supply lines, meaning in ∆ structure. Since compen-
sators in ∆ structure cannot affect the neutral current, let us focus 
our attention on reactive compensators in Y structure, as shown 
in Fig. 11.  

The compensator In Fig. 11 is composed of three reactive 
devices of susceptance TR, TS and TT. It is assumed here that 
these devices are lossless, meaning their conductance G is equal 
to zero. 

 
Fig. 11. LTI load with reactive compensator in Y structure. 

The negative sequence component n
ui of the unbalanced 

current is compensated entirely on the condition that  
n

R S T
1 ( ) + 03 j T T *T Aα α+ + =                         (56) 

while the zero sequence component z
ui of this current is entirely 

compensated on the condition that 
z

R S T
1 ( ) + 03 j T *T T Aα α+ + = .                       (57) 

If along with the unbalanced current such a compensator should 
also compensate the reactive current, then its parameters should 
moreover satisfy condition 

R S T e
1 ( ) + 03 T T T B .+ + =                             (58) 

Equations (56) and (57) have to be satisfied for the real part and 
for imaginary part of these equations separately, thus each of 
them represents two equations. Thus, three susceptances TR, TS 
and TT of the compensator have to satisfy five equations, mean-
ing the set of these equations is contradictory. A compensator of 
structure as shown in Fig. 11 cannot compensate simultaneously 
the reactive and unbalanced currents. Even the unbalanced 
current alone cannot be compensated, because equations (56) 
and (57) with only three unknown parameters are contradictory. 
A second compensator is needed for compensation of the unba-

lanced and reactive currents. In general, the compensator could 
have the structure as shown in Fig. 12, composed of a compen-
sator in Y configuration and a compensator in ∆ configuration.  

 
Fig. 12. General structure of the reactive balancing compensator 

The sequence of ∆ and Y compensators can be switched, which 
changes the compensator structure. Moreover, the reactive cur-
rent can be compensated entirely by ∆, by Y compensator or 
even by both of them. Thus, the load can be compensated by 
reactive compensators of different structure and parameters.  
 Since procedures of calculation of their parameters do not 
differ substantially, only one of them will be considered in this 
paper.  
 Let us assume that in the first step of compensation the 
reactive current ir and the unbalanced current of the zero sequ-
ence z

ui  are compensated by a compensator of Y structure, con-
nected as shown in Fig. 12. Its susceptances have to satisfy 
equation (57) and (58). The solution of these equations results in 
the compensator parameters 

z
R e

z z
S e

z z
T e

2Im

3 Re + Im

3 Re + Im

T B

T B

T B .

A

A A

A A

= − −

= − −

= −

                           (59) 

The zero sequence unbalanced admittance of such a compensator 
is equal to z z

C .A A= −  Let us calculate the negative sequence 
admittance of this compensator, i.e.,  

n z
C R S T e

z z z z
e e

z z z

1 1                ( ) = [( 2Im ) + 3 3
     + ( 3 Re + Im ) + ( 3 Re + Im )] =

                            Re Im  =                                   (60)

*

*

*

j T T T j B

B B

j .

A A

A A A A

A A A

α α

α α

= + + − −

− − −

= −

 

Thus, such a compensator reduces the zero sequence component 
z
ui of the unbalanced current to zero, but changes the negative 

sequence component n
ui  to 

n n n n n n
u C R R2Re{( ) } = 2Re{ }.j t j te ' eA A U A U= +i ω ω1 1       (61) 

It means, that the load with the compensator of Y structure has 
unbalanced admittance of the negative sequence equal to 

n n *
C

n z n = .+ = +A' A A A A                           (62) 

 According to [30], the unbalanced admittance of a load con-
figured in ∆ is equal to 

n
ST TR RS( )*A Y Y Yα α= − + + .                      (63) 

Applying this formula to a reactive compensator and assuming 
that one of admittances, for example YRS, is equal to zero, sus-
ceptances TST and TTR should satisfy equation 

n
ST TR RS( ) + 0jT jT * jT 'α α− + + =A                   (64) 

along with the condition that the compensator equivalent suscep-
tance  

eC R S T 0B T T T= + + =                              (65) 



because the reactive power of the load is compensated by the Y 
structure compensator. Equations (64) and (65) have solution 

                            n n
RS ( 3Re Im )/3T A' A'= −  

                              ST
n(2Im )/3T A'=                                        (66) 

                            TR
n n( 3Re Im )/3.T A' A'= − −  

 In effect of such compensation, the load supplied from a 
three-wire line with neutral conductor is balanced with the reac-
tive power equal to zero, thus it operates at unity power factor λ. 
The compensated load is equivalent to a purely resistive balan-
ced three-phase load of conductance, per phase, equal to the 
equivalent conductance Ge. 
 Illustration 2. Let us calculate parameters of a reactive 
compensator for a load shown in Fig. 13 and supply currents, 
assuming that the supply voltage rms value is equal to U = 120 V 
and ω = 1 rad/s. 

 

Fig. 13. Unbalanced load. 

The equivalent admittance of the load is equal to 

e e e R S T
1 1 1+ ( ) = 3 3 1 1

             0 167 0 167  S

G jB j
. j .

Y Y Y Y= = + + =
+

= −
 

while the unbalanced admittances are 

O

n
R S T T

165

1 1 1 1( ) =  =  = 3 3 3 1 1

                  = 0.236 = 0.228 0.061  Sj

* * * j

e j

A Y Y Y Yα α α α

−

= + +
+

− −
 

O

z
R S T T

75

1 1 1 1( ) =  = =3 3 3 1 1

                     = 0.236 = 0.061 0.228  S.

*

j

j

e j

A Y Y Y Yα α α α= + +
+

+
 

Since the three-phase rms value of the supply voltage is 

R|| || = 3 3 120 207 8 VU .= × =u  

the rms values of the Currents’ Physical Components of the con-
sidered load are equal to 

a e|| || = || || = 0.167 207.8 =34.7 AG ×i u  

 r e|| || = | | || || = 0.167 207.8 = 34.7 AB ×i u  
n n
u|| || = || || = 0.236 207.8 = 49.0 AA ×i u  
z z
u|| || = || || = 0.236 207.8 = 49.0 A.A ×i u  

The rms value of the load current is  

2 2 n 2 z 2
a r u u|| || = || || + || || + || || + || || 84 9A.=i  i i i i  

and the power factor 
a|| || 0 41|| ||

P . .Sλ = = =
i
i  

 Susceptances of the compensator of the zero sequence unba-
lanced and reactive currents, configured in Y, and connected as 
shown in Fig. 14 

. 

Fig. 14. Example of load with reactive compensator 

have values 
z

R e
z z

S e
z z

T e

2Im 0 289  S

3 Re + Im 0 289  S

3 Re + Im 0 50  S.

T B .

T B .

T B .

A

A A

A A

= − − = −

= − − =

= − =

 

 The crms values of the line currents after compensation with 
the Y compensator are equal to  

O O O90 30 120
R S T= 34.64 A,   = 34.64 A,    = 60.0 Aj j je e eI I I− − . 

 The compensator changes the unbalanced admittance of the 
load and the Y-configured compensator to 

n z* n = (0.061 0.228)  0.228 0.061 =
                         = 0.167 0.289  S

j * j
j 

A' A A+ = + − −
− −

 

thus, susceptances of the ∆ compensator are equal to  

                       RS
n n( 3Re Im )/3 = 0T A' A'= −  

                       ST
n(2Im )/3 = 0.192 ST A'= −  

                       TR
n n( 3Re Im )/3 = 0.192 S.T A' A'= − −  

The ∆ compensator should be composed of an inductor of induc- 
tance  

ST
1 ST

1 5 19 HL .Tω= − =  

and a capacitor of capacitance  

TR
TR

1
0 192 F.TC .ω= =

 The results of compensation are shown in Fig. 14. The compen-
sator eliminates both the reactive and unbalanced components 
from the supply current, meaning it improves the power factor to 
unity. 

V.   CONCLUSIONS 

 Reactive compensation in three-phase systems with a neutral 
conductor is more complex than such compensation in three-wire 
systems. The number of the compensator’s reactive components 
required for total compensation can even double. Nonetheless, 
reactive current can always be totally compensated, and the load 
can be fully balanced for any linear, time-invariant unbalanced 
load supplied with a symmetrical and sinusoidal voltage.  
 The paper presents fundamentals of reactive compensation 
of linear loads with fixed parameters. Usually these parameters 
change in time, however. An adaptive compensator might be 
needed for such a situation. Fundamentals of design of an 
adaptive compensator of reactive power with thyristor switched 
inductors (TSI) were presented in [35]. Design and control of an 
adaptive balancing compensator for three-wire systems were 
presented in [36]. The last paper discusses adaptive reactive 
compensation in three-wire systems, but the same approach and 
technology can be applied to adaptive compensation in four-wire 
systems. Discussion of such an adaptive compensation is beyond 
of the scope of this paper, however. The same applies to 



compensation in the presence of supply voltage harmonics 
and/or the supply voltage asymmetry. Nonetheless, this paper 
could be regarded as a starting point for studies on compensation 
in more complex situations. 
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Appendix A 

Symmetrical components of unbalanced current 

The unbalanced current iu as defined by formula (30) can be 
decomposed into symmetrical components of the positive, 
negative and the zero sequence.  

The crms value of the positive sequence of this current is 
equal to 

p
u Ru Su Tu

R e e S e e T e e R

R S T e e R

1 ( ) =3
1     = [( ) ( ) ( ) ] =3

1                      = [( ) 3 3 ]  = 0.                 3 (A1)

*

G jB G jB * * G jB

G j B

I I I I

Y Y Y U

Y Y Y U

α α

α α α α

= + +

− − + − − + − −

+ + − −

 

Thus, the unbalanced current does not contain any component of 
the positive sequence. 
 The crms value of the negative sequence component of the 
unbalanced current is equal to 

n
u Ru Su Tu

R e e S e e T e e R

df n
R S T R R

1 ( ) =3
1     = [( ) ( ) ( ) ] =3

1                           = ( ) =                    3 (A2)

*

G jB * G jB * G jB

*

I I I I

Y Y Y U

Y Y Y U A U

α α

α α α α

α α

= + +

− − + − − + − −

+ +

 

where 
dfn

R S T
1= ( )3 *A Y Y Yα α+ + .                       (A3) 

The crms value of the zero sequence component of the 
unbalanced current is equal to 

z
u Ru Su Tu

R e e S e e T e e R

df z
R S T R R

1 ( ) =3
1     = [( ) ( ) ( ) ] =3

1                    = ( ) =                    3 (A4)
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where 
dfz

R S T
1= ( ).3 *A Y Y Yα α+ +                         (A5) 

Appendix B 

Orthogonality of Current’s Physical Components 

The three-phase rms value of vector x (t) is defined as 

T
df

0

1|| || =  ( ) ( )
T

t t dtT ∫x x x                            (B1) 

hence, the three-phase rms value of a sum of three-phase vectors 
x (t) and y (t) is equal to 

T

0

2 2

1|| || = [ ( )+ ( )] [ ( )+ ( )]

             = || || + 2( , ) + || ||                            (B2)

T
+ t t t t dtT =∫x y x y x y

x x y y

 

where 

df
T

0

1( , ) =  ( ) ( )
T

t t dtT ∫x y x y                           (B3) 

denotes the scalar product of three-phase quantities x (t) and y (t). 
According to formula (B2) the three-phase rms value of a 

sum of three-phase vectors x (t) and y (t) can be calculated as a 
root of the sum of squares of the rms values of individual vec- 
tors, meaning as 

2 2|| || = || || + || ||+x y x y                            (B4) 

only if the scalar product of these vectors is equal to zero, i.e., 

(x , y ) = 0 

meaning if they are mutually orthogonal. 
When three-phase quantities are expressed in terms of their 

crms values, namely 

 2 Re{ }j te ω=x X ,          2 Re{ }j te ω=y Y . 

then their scalar product is equal to 

T

T

T T T

0

0
*
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            Re Re Im Im Re{ }.             (B5)
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Let us calculate scalar products of three-phase quantities of 
a positive sequence x p(t), of negative sequence y n(t) and zero 
sequence wz(t), 

p p
R( ) 2 Re{ }j tt eX ω=x 1  

n n
R( ) 2 Re{ }j tt eY ω=y 1  

z z
R( ) 2 Re{ }j tt eW ω=w 1 . 

These scalar products are equal to, respectively 
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Thus, three-phase symmetrical quantities of different sequences 
are mutually orthogonal. 

In the current decomposition 
n z

a r u u= + + +i i i i i                            (B9) 

the active and reactive currents are of positive sequence, thus 
they are orthogonal to both unbalanced currents. Let us check 
orthogonality of the active and reactive currents: 

p p * pT p* 2
a r R e R e R

2 2
e R e R

( , ) = Re{( )( ) } = Re{ ( )} =e e
1

    = Re{ 1, , ( )} = Re{3( )} = 0.   e e (B10) 

G jB jB G U

* jB G U jB G U
*

U U −

 
  − −    
 

α α α
α

i i 1 1 1 1

It means that scalar products of all components in decomposition 
(B9)  

n z n z n z
a r a u a u r u r u u u( ),   ( ),   ( ),   ( ),   ( ),   ( ), , , , , ,i i i i i i i i i i i i  

are equal to zero, thus these components are mutually orthogo-
nal. 
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